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16. Abstract 
The  objective  of  this  work  was  to  provide  the  theory  and  a  system  design  for  a  new  type  of  photon- 
counting  processor  for  low-level  Dual  Scatter  laser  velocimeter  (LV)  signals  which  would  be 
capable  of  both  the  first-order  measurements  of  mean-flow  and  turbulence-intensity  and  also  the 
second  order  time  statistics:  .cross-correlation,  auto-correlation,  and  related  spectra.  A 
general  Poisson  process  model  for  low-level  LV  signals  and  noise  which  is  valid  from  the  photon- 
resolved  regime  all  the  way  to  the  limiting  case of non-stationary  Gaussian  noise  was  used. 
Computer  simulation  algorithms  and  higher  order  statistical  moment  analysis of Poisson  processes 
have  been  derived  and  applied  to  the  analysis  of  photon  correlation  techniques. pi sy tem  design 
using a unique  Dual  Correlate  and  Subtract  frequency  discriminator  technique is postulated 
and  analyzed.  Expectation  analysis  indicates  that  the  objective  measurements  are  feasible.  Error 
analysis  for  the  mean-flow  case  indicates  that  practical  transonic  wind  tunnel  measurements 
are  possible  with 10LL1000 times  less  light  than is required  for  burst-counter  processors.  A 
system  design  for  a  new  high-speed  photon  processor  for  LV  signals  is  provided. 
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STUDY  OF  PHOTON  CORRELATION  TECHNIQUES 
FOR PROCESSING  OF 
LASER  VELOCIMETER  SIGNALS 
By William T. Mayo, Jr. 
Summary 
' The objec t ive  o f  t h i s  c o n t r a c t  was t o  p r o v i d e  t h e  t h e o r y  
a n d  s y s t e m  d e s i g n  f o r  a new type  o f  pho ton-coun t ing  p rocesso r  
for l o w - l e v e l  D u a l  S c a t t e r  laser  velocimeter (LV) s i g n a l s  w h i c h  
would be c a p a b l e  o f  b o t h  t h e  first-order measurements  of  mean- 
flow a n d  t u r b u l e n c e - i n t e n s i t y  a n d  a l so  t h e  s e c o n d  o r d e r  time 
statistics: c r o s s - c o r r e l a t i o n ,   a u t o - c o r r e l a t i o n ,   a n d   r e l a t e d  
spectra. 
T h i s  report p r o v i d e s  a g e n e r a l  P o i s s o n  process model f o r  
low-level LV s i g n a l s  a n d  n o i s e  w h i c h  is v a l i d  f r o m  t h e  p h o t o n -  
r e s o l v e d  regime a l l  t h e  way t o  t h e  l i m i t i n g  case o f  non- s t a t ion -  
a ry   Gauss i an   no i se .   Compute r   s imu la t ion   a lgo r i thms   and   h ighe r  
o r d e r  s t a t i s t i c a l  moment a n a l y s i s  o f  P o i s s o n  processes have 
b e e n  d e r i v e d  a n d  a p p l i e d  t o  t h e  a n a l y s i s  o f  p h o t o n  c o r r e l a t i o n  
t e c h n i q u e s .  A Dual Correlate and   Sub t rac t   f r equency   d i sc r imina -  
t o r  t e c h n i q u e  is p o s t u l a t e d  a n d  a n a l y z e d .   E x p e c t a t i o n   a n a l y s i s  
i n d i c a t e s   t h a t   t h e   o b j e c t i v e   m e a s u r e m e n t s  are feasible .  Error  
a n a l y s i s  f o r  t h e  mean-flow case i n d i c a t e s  t h a t  p r a c t i c a l  
t r anson ic  wind  tunne l  measu remen t s  are possible  w i t h  100-1000 
times less l i g h t  t h a n  is r e q u i r e d  f o r  b u r s t - c o u n t e r  p r o c e s s o r s .  
A s y s t e m  d e s i g n  f o r  a new h igh - speed  pho ton  p rocesso r  fo r  LV 
s i g n a l s  is p rov ided .  
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The Problem 
Classical laser v e l o c i m e t e r  (LV) e l e c t r o n i c  s i g n a l  p r o -  
c e s s i n g  t e c h n i q u e s  are somet imes  inadequate  fo r  d e t e c t i o n  of 
l i g i t  s c a t t e r e d  b y  sma1.1 sca t te r ing  par t ic les  which are r e q u i r e d  
for  f o l l o w i n g   f l u i d   m o t i o n s .   I n   o t h e r   s i t u a t i o n s   d e t e c t i o n   o f  
larger s c a t t e r i n g  p a r t i c l e s  is d i f f i c u l t  d u e  t o  l i m i t e d  s y s t e m  
s e n s i t i v i t y .  Pho$,on I .  c o u n t i n g  , .  . t e c h n i q u e s   o f f e r   i m p r o v e d   s y s t e m  
s e n s i t i v i t y  b y  a l l o w i n g  v e l o c i t y  m e a s u r e m e n t s  ' t o  - b e ' m a d e  e v e n  
when there are i n s u f f i c i e n t  s i g n a l  p h o t o n s  a v a i l a b l e  t o  d e f i n e  
t h e  classical s c a t t e r i n g   s i g n a l .   S u c h   t e c h n i q u e s  are t h u s  appl i -  
cable when t h e  p r e s e n t l y  u s e d  c lass ical  b u r s t - c o u n t e r  and  fre- 
quency  t r acke r - t echn iques  are n o t .  
' ,  . .  
- < .  
The g e n e r a l  o b j e c t i v e  of t h i s  c o n t r a c t  was t o  p r o v i d e  t h e  
s y s t e m  d e s i g n  f o r  a new t y p e  of p h o t o n - c o u n t i n g  p r o c e s s o r  f o r  
low-level  Dual  Scatter LV s i g n a l s  which would be capable of b o t h  
t h e  first-order measurements of mean-flow and t u r b u l e n c e - i n t e n -  
s i t y  a n d  a l s o  t h e  second   o rde r  time statistics: c r o s s  c o r r e l a -  
t i o n ,   a u t o - c o r r e l a t i o n ,   a n d  related spectra. T h i s  was t o  be 
accomplished by e x t e n d i n g  t h e  p r e l i m i n a r y  f e a s i b i l i t y  a n a l y s i s  
deve loped  under  a brief NASA Langley  sponsored  s tudy* i n  e a r l y  
1974. I n   a d d i t i o n   t o   t h e o r y ,  t h e  s y s t e m  d e s i g n  wou ld   i nco rpora t e  
judgement based o n  e x p e r i e n c e  i n  t h e  expe r imen ta l  hardware deve l -  
opment 111 of  a related, b u t   s i m p l e r ,   p h o t o n - c o u n t i n g   p r o c e s s i n g  
sys t em des igned  and  cons t ruc t ed  f o r  t h e  U.S.A.F. Arnold Engi- 
neer ing  Development  Center  to  measure  mean-f low ve loc i t ies .  
* The f i n a l  report  f o r  t h a t  s t u d y  ( C o n t r a c t  NAS1-13140) 
was informal   and  n o t   d i s s e m i n a t e d .  T h i s  r e p o r t   c o n t a i n s  
r e v i s e d  v e r s i o n s  of all t h e  n e c e s s a r y  mathematics. 
. .  
. .  
Background 
S igna l  mode l ing . -  Earlier model ing effor ts  have treated 
LV s i g n a l s  f o r  which t h e  n o i s e  c o u l d  be c o n s i d e r e d  a s - a d d i t i v e  
, i n d e p e n d e n t ,   s t a t i o n a r y ,   a n d   G a u s s i a n  [2,3,4,51 . T h i s  is t h e  - 
l i m i t i n g  case o f  s t a t i o n a r y  Poisson shot n o i s e  which o c c u r s  for 
vis ib le  light p h o t o d e t e c t i o n  when a s t e a d y  l i g h t  source such 
as a h e t e r o d y n e  r e f e r e n c e  beam 121 o r  h igh  background l i g h t  
l e v e l  [3] dominates  t h e  s i g n a l .   I n  a r e c e n t   s i m u l a t i o n  of low- 
l e v e l  d u a l  scatter s i g n a l s ,  t h e  accu racy  of t h e  noise  model  was 
: / \  t 
\ 
F i g u r e  1. T r i p l y   S t o c h a s t i c   N a t u r e  of Low-Level 
LV S i g n a l s :   T u r b u l e n c e ,  B u r s t s ,  and 
P h o t o  e l e c t r o n  P u l s e s .  
2 
5 
.) 
) 
i extended by t r e a t i n g  it as a n o n s t a t i o n a r y  G a u s s i a n  p r o c e s s  
whose  va r i ance  is p r o p o r t i o n a l  t o  t h e  i n c i d e n t  o p t i c a l  p o w e r .  * 
When w e  d i s c u s s  " n o i s e "  i n  LV s i g n a l  d e t e c t i o n  w e  are 
u s u a l l y  r e f e r r i n g  t o  t h e  v a r i a t i o n  of t h e  e l e c t r o n i c a l l y  
1 detected s i g n a l   w i t h   r e s p e c t  t o  a scaled v e r s i o n  of t h e  classi-  
cal op t ica l  (power) s i g n a l   i n c i d e n t   o n   t h e  PMT. I n  a g e n e r a l  
a n a l y s i s  t h e  c lass ical  LV s i g n a l s  are a l so  random processes  due 
t o  t h e  r a n d o m  a m p l i t u d e s  a n d  t h e  a r r i v a l  times of t h e  s i g n a l  
b u r s t s .  Mayo [21 and Adrian 171 h a v e   t r e a t e d   t h e s e   s i g n a l s  as 
a P o i s s o n  process for s t e a d y  f l o w ,  and  Dur ran i  C41 and George 
[81 have treated them f o r  t h e  t u r b u l e n t  f l o w  case as G a u s s i a n  i n  
t h e  l i m i t  of h i g h  p a r t i c l e  number d e n s i t y .  A new book  by  Snyder 
[9] t rea t s  g e n e r a l i z e d  P o i s s o n  p r o c e s s e s  i n  g r e a t  d e t a i l .  
P a p o u l i s  [ l o ]  p r o v i d e s  a good   i n t roduc to ry   t r ea tmen t .   Snyde r  
treats " d o u b l y   s t o c h a s t i c   P o i s s o n   p r o c e s s e s . "   T h e s e  are inhomo- 
g e n e o u s  ( n o n s t a t i o n a r y )  P o i s s o n  p r o c e s s e s  f o r  w h i c h  t h e  r a t e  
f u n c t i o n  is a random  process.   Such a d e s c r i p t i o n  is  a p p r o p r i a t e  
e i t h e r  f o r  t h e  c lass ical  LV s i g n a l  b u r s t s  w i t h  t h e  random  turbu- 
l e n t  f l o w  a f f e c t i n g  t h e  ra te  o f  b u r s t  o c c u r r e n c e  or f o r  t h e  
s i n g l e  p h o t o e l e c t r o n  p u l s e s  f r o m  t h e  PMT w i t h  t h e  random classi-  
ca l  b u r s t s  as t h e  ra te  f u n c t i o n .   C l e a r l y ,  when t a k e n   f r o m   t h e  
t u r b u l e n c e  t o  t h e  p h o t o - e l e c t r o n  p u l s e s ,  a d u a l - s c a t t e r  LV s i g n a l  
is a " t r i p l y   s t o c h a s t i c "  f i l t e r e d  P o i s s o n   p r o c e s s  1 1 1 1 .  T h i s  
t h r e e  l e v e l  n a t u r e  of t h e  s i g n a l s  i s  i l l u s t r a t e d  by F i g u r e  1. 
Classical s i g n a l s   a n d   b u r s t   c o u n t e r s .   P r e s e n t l y   a c c e p t e d  
bu r s t - coun te r  and  f r equency- t r acke r  LV p r o c e s s o r s  were developed 
by  ana logy  wi th  wide-band f requency  modula t ion  (FM) and radar 
r e c e i v e r s .   F o r  FM and radar a p p l i c a t i o n s   f r e q u e n c y   d e t e c t i o n  
( z e r o - c r o s s i n g )  c i r c u i t s  g e n e r a l l y  r e q u i r e  a b o u t  10 db s i g n a l  
power t o  n o i s e  power r a t i o  w i t h i n  t h e  b a n d w i d t h  of t h e  sys tem 
f i l t e r s .  The s i g n a l s  i n  s u c h  cases are c o n t i n u o u s   a n d   t h e   n o i s e  
* 
M o d i f i e d  v e r s i o n  o f  n o i s e  model described i n  [61. 
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is s t a t i o n a r y   a n d   G a u s s i a n .  Comments b y   s e v e r a l   s p e a k e r s  at  
. .  . .  
. .  
t h e  1975 Minnesota  LDA Symposium i n d i c a t e d  t h a t  t hey  had  
e x p e r i m e n t a l l y  d e t e r m i n e d  t h a t  t h e i r  b u r s t  c o u n t e r  LV s i g n a l  
p r o c e s s o r s  f a i l e d  s i g n i f i c a n t l y  when t h e  s i g n a l  power t o  n o i s e  
power ra t io  ( d u r i n g  a b u r s t )  was less t h a n   1 0   d b .   T h i s  10 db 
c o n d i t i o n  o c c u r s  when there are approx ima te ly  10 o r  more photo- 
e l e c t r o n  p u l s e s  per e l e c t r o n i c  r e s p o n s e  time T T h i s  r e s p o n s e  
time is r i s e  time o r  p u l s e  w i d t h  i n  t h e  case of low-pass f i l -  
ter .  We h a v e   a l s o   d e f i n e d  t h i s  s i g n a l  l e v e l  as t h e  lowest 
va lue  o f  t he  "Gauss ian"  s ' igna l  regime wherein t h e  photomul t i -  
p l ier  c u r r e n t  c a n  be modeled as t h e  c lass ica l  s i g n a l  p l u s  non- 
s t a t i o n a r y   G a u s s i a n   n o i s e ;   ( a l t h o u g h   n e i t h e r   S n y d e r   [ 9 ]   o r  
P a p o u l i s  [ l o ]  g i v e  a n y  h e l p f u l  r u l e s  as t o  when t h i s  a s y m p t o t i c  
approximat ion  is v a l i d ) .   F o r  lower s i g n a l  power t h e  s i g n a l s  
must  be treated as P o i s s o n .  
h '  
Pho ton  r e so lved  s i g n a l s  and  photon  count ing . -  A r a d i c a l l y  
d i f f e r e n t  a p p r o a c h  t o  LV s i g n a l  d e t e c t i o n  has been t a k e n  by 
P i k e ,   O l i v e r ,  Jakeman, a n d  others.  P h o t o n   c o u n t i n g   t e c h n i q u e s  
were d e v e l o p e d  f o r  u s e  w i t h  l ow- leve l  pho ton  r e so lved  s i g n a l s .  
The summary r e s u l t s  of s e v e r a l  y e a r s  of deve lopment   o f   the  ' 
s i n g l e - c l i p p i n g  real-time p h o t o n  c o r r e l a t o r  were desc r ibed  by  
Ol ive r   and  Jakeman i n  a r e c e n t  book  [12] .  D r .  P ike  d e s c r i b e d  
t h e  a p p l i c a t i o n  of p h o t o n - c o r r e l a t i o n  t o  t h e  p r o c e s s i n g   o f  LV 
s i g n a l s '  a t  t h e  1972  Purdue   conference  [131. The p r e s e n t a t i o n  
was a p p a r e n t l y  n o t  r e c e i v e d  well by many a t t e n d e e s  f r o m  t h e  
U n i t e d  S t a t e s  and  l i t t l e  has been done i n  t h i s  c o u n t r y  w i t h  t h e  
deve lopmen t  o f  pho ton  coun t ing  t echn iques  un t i l  r ecen t ly .  
I n c r e a s e d  interest  was shown  by a t t e n d e e s  of t h e  1974 Purdue 
Conference.  
One r e a s o n  t h a t  t h e  s i n g l e - c l i p p i n g  c o r r e l a t o r  has been 
s l o w  t o  a c c e p t a n c e  i n  t h i s  c o u n t r y  is t h a t  t h e  o r i g i n a l  t h e o r y  
for  its u s e  was based on t h e  assumption of many scatterers i n  
t h e  probe  volume w i t h  t h e  central  l i m i t  theorem invoked t o  
4 
I 
r e n d e r  t h e  statistics of t h e  scattered electr ic  f ie lds  Gauss ian .  
S i n c e  t h i s  assumpt ion  is known n o t  t o  p r e d o m i n a t e  i n  many appli-  
c a t i o n s  of f r i n g e - t y p e  LV s y s t e m s  i n  a i r ,  none of t h e  first 
t h e o r y  for  a s i n g l e - c l i p p i n g  c o r r e l a t o r  was d i r e c t l y  applicable.  
Another  problemwith t h e  e x i s t i n g  c o m m e r c i a l  c o r r e l a t o r s  f o r  
high-speed a i r  f l o w  besides speed (minimum time r e s o l u t i o n  o f  
. .  
. .  
. .  
I 
9 '4 50 n s e c )  is t h e  lack of a n y   s t r a i g h t f o r w a r d  way t o  ex tend  t h e  
:4 
4 '4 c o n c e p t   o  t h e  d e t e r m i n a t i o n   o f  f l o w  time statistics such  as  
:1 c o r r e l a t i o n s  a n d  power spectra. The   sys tem  proposed   in  t h i s  
repo , r t  addr .esses  t h i s  l a t te r  d e f i c i e n c y  as  w e l l  as . e l i m i n a t i n g  
t h e  problems of i n t e r p r e t a t i o n  of s i n g l e - c l i p p i n g  b y  u s i n g  f u l l  
m u l t i p l i c a t i o n .  
. .  
. .  
. .  
. .  
. .  
S e v e r a l  r e c e n t  r e f e r e n c e s  p r o v i d e  a d d i t i o n a l  v a l u a b l e  
b a c k g r o u n d   i n f o r m a t i o n   o n   p h o t o n   c o r r e l a t i o n .   D u r r a n i   a n d  
Greated 1141 p r o v i d e  a d e r i v a t i o n  of t h e  e x p e c t e d  v a l u e  o f  a 
p h o t o n  c o r r e l a t i o n  f r o m  s i n g l e  pa r t i c l e  ( P o i s s o n )  s i g n a l s .  
B i r c h  e t  a l .  [15] have made experimental   measurements  i n  t u rbu -  
l e n t  j e t  flows w i t h  skewed p r o b a b i l i t y  d e n s i t y  f u n c t i o n s .  
Abbiss et  a l .  [16] a l s o  p r o v i d e  a n  a n a l y s i s  w h i c h  shows t h a t  i n  
some cases t h e  F o u r i e r  t r a n s f o r m  of  t h e  co r re log ram may be 
i n t e r p r e t e d  as  t h e  p r o b a b i l i t y  d e n s i t y  of t h e  f l u i d  v e l o c i t y  
component .   Durrani   and  Greated E171 h a v e   i n v e s t i g a t e d  t h e  u s e  
of some of t h e  newer spectral e s t i m a t i o n  t e c h n i q u e s  which allow 
greater r e s o l u t i o n  f r o m  t h e  l i m i t e d  number of  data  p o i n t s  i n  a 
t y p i c a l  correlogram. F i n a l l y ,  t h e  reader s h o u l d  be aware t h a t  a 
new p h o t o n  c o r r e l a t o r  i n s t r u m e n t  has been developed which was 
described by C. Fog [181 b u t  t h e  minimum time r e s o l u t i o n  i n t e r -  
v a l  is 160 nsec which is rather s l o w  f o r  h igh  speed  wind  tunnel  
a p p l i c a t i o n s .  ( I t  was used  fo r  a t m o s p h e r i c   s t u d i e s . )  
* 
* 
We d o  n o t  b e l i e v e  t h i s  w i l l  be a good a p p r o x i m a t i o n  i n  
many practical  cases. T h i s  is d i s c u s s e d  i n  a l a t e r  s e c t i o n .  
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B u r s t  r a t e / a m p l i t u d e  d i s t r i b u t i o n s . -  T h e  s ta t i s t ica l  dis-  
t r i b u t i o n  o f  t h e  c lass ical  b u r s t  a m p l i t u d e s  a n d  t h e  rate of 
o c c u r r e n c e  v e r s u s  a m p l i t u d e  are v e r y  s i g n i f i c a n t  i n  t h e  charac- 
t e r i z a t i o n  of any LV s i g n a l   p r o c e s s o r .  I t  is g e n e r a l l y   a c c e p t e d ,  
for example, t ha t  t h e  optimum rate of o c c u r r e n c e  of b u r s t s  fo r  
a b u r s t  c o u n t e r  is less t h a n  t h e  i n v e r s e  b u r s t  d u r a t i o n  ( n o n -  
o v e r l a p p i n g   b u r s t s . )  I t  is a l s o  g e n e r a l l y  known t h a t  t h e  error 
check c i r c u i t s  c a u s e  a b u r s t  c o u n t e r  t o  emphasize larger ampli- 
t u d e   ( g o o d   s i g n a l  t o  n o i s e  r a t i o )  s i g n a l s .  On t h e  other  hand,  
a pho ton  coun t ing  p rocesso r  mus t  emphasize t h e  lower  ampl i tude  
s i g n a l s  i n  a d i s t r i b u t i o n ;  t h e  h igher  a m p l i t u d e  s i g n a l s  w o u l d  
produce  only  a s i n g l e  t h r e s h o l d  c r o s s i n g  a n d  o t h e r w i s e  be 
n e g l e c t e d  b y  t h e  sys tem.  I t  is t h e r e f o r e  n o t  possible  t o  compare 
two d i f f e r e n t  types  o f  s i g n a l  p r o c e s s o r s  w i t h o u t  k n o w i n g  t h e  s i g -  
n a l  a m p l i t u d e  d i s t r i b u t i o n s  a n d  t h e  p r o c e s s o r  b e h a v i o r  as a 
f u n c t i o n  of b u r s t   a m p l i t u d e   a n d  other factors.  F i n a l l y ,   i n  
o r d e r  t o  re la te  p r o c e s s o r  b e h a v i o r  t o  a specified par t ic le  s ize  
d i s t r i b u t i o n ,  o n e  m u s t  first r e l a t e  t h e  par t ic le  s ize  d i s t r i b u -  
t i o n  t o  t h e  - b u r s t  a m p l i t u d e  d i s t r i b u t i o n s  a n d  t h e n  d o  a l l  t h e  
other t h i n g s  a l r e a d y  d i s c u s s e d .  
During t h e  i n i t i a l  phases of ou r  r ecen t  work  for  t h e  USAF 
Arnold C e n t e r  w e  a d d r e s s e d  s u c h  q u e s t i o n s  a s a r e  s u g g e s t e d  by 
t h e  above  s t a t emen t s  bo th  w i t h  t h e o r e t i c a l  models and w i t h  
experimental  measurements  of b u r s t  r a t e / a m p l i t u d e  d i s t r i b u t i o n s  
f o r   n a t u r a l   l a b o r a t o r y   ( u n f i l t e r e d   a n d   u n s e e d e d )  a i r .  The r e a d e r  
is referred t o  t h e  f i n a l  r e p o r t  [l] f o r  de ta i l s .  The f o l l o w i n g  
is one  of t h e  c o n c l u d i n g  p a r a g r a p h s  of t h a t  report :  
The s t a t i s t i c a l  d i s t r i b u t i o n  o f  t h e  ampl i tudes  and  
ra tes  o f  o c c u r r e n c e  o f  c lass ica l  ' b u r s t s  has been shown 
t o  be cent ra l  i n  t h e  p rob lem o f  spec i fy ing  o r  p red ic t ing  
t h e  data  ra tes  and  e r r o r s  f r o m  a n y  t y p e  of LV s i g n a l  
p r o c e s s o r .   D i f f e r e n t i a l   a n d   c u m u l a t i v e   r a t e / a m p l i t u d e  
d i s t r i b u t i o n s  h a v e  been fo rmula t ed  and  ana lyzed  theo- 
r e t i c a l l y  a n d  have been m e a s u r e d  e x p e r i m e n t a l l y  f o r  a n  
argon backscatter LV s y s t e m .   T h e   r e s u l t s   i n d i c a t e   t h a t ,  
for t h e  data o b t a i n e d ,  t h e  smaller aerosols c o n t r i b u t e  
6 
more t o  the p h o t o n  c o r r e l a t i o n  a c c u m u l a t o r  t h a n  t h e  
larger ones .  For t h e  data measured, there would 
h a v e  b e e n  a v a i l a b l e  less t h a n  300 s i g n a l s  per second 
a d e q u a t e  i n  m a g n i t u d e  t o  p r o d u c e  b u r s t  c o u n t e r  data 
from scatterers larger t h a n  0.7 pm i n  diameter 
w h i l e  there would  have  been  over  100 ,000  s igna ls  per 
s e c o n d  p r o d u c i n g  p h o t o n  r e s o l v e d  s i g n a l s  from 0.2 - 
0.3 urn' diameter par t ic les .  
Scope 
I n  what f o l l o w s  w e  first deve lop  gene ra l  Po i s son  mode l s  . .  . .  
f o r  LV s i g n a l s  which. i n c l u d e  t h e  n o n - s t a t i o n a r y  P o i s s o n  o c c u r -  
r e n c e  of p h o t o - e l e c t r o n  p u l s e s  and t h e  random ampl i tude  effects 
of b o t h  t h e  p h o t o m u l t i p l i e r   t u b e  and  t h e  par t ic le  s c a t t e r i n g  . .  
c r o s s   s e c t i o n s .   F o r m u l a s  are p rov ided  for c o n d i t i o n a l   a n d  
. .  
. .  
. .  . .  . .  . .  . .  . .  . .  
. .  
u n c o n d i t i o n a l  moments inc lud ing   mean ,   va r i ance ,   au to -cova r i ance ,  . .  
and h i g h e r  moments  (Appendix A ) .  These formulas  are f o r  s i g n a l  
c u r r e n t ,  b u t  t h e y  become v a l i d  f o r  p h o t o n  c o u n t i n g  b y  a s u i t - -  
able c h o i c e  of t h e  PMT o u t p u t  f i l t e r  i m p u l s e  r e s p o n s e  f u n c t i o n .  
The n e x t  s e c t i o n  e v a l u a t e s  t h e  t h e o r e t i c a l  e x p r e s s i o n s  
f o r  a specif ic  G a u s s i a n  b u r s t  LV waveform  model .   These  resul ts  
are u s e d  t o  o b t a i n  t h e  expec ted  va lue  o f  a p h o t o n  c o r r e l a t i o n  
estimate. I n   a d d i t i o n  a D u a l   C o r r e l a t e  and  S u b t r a c t  estimator 
which  behaves as a s t a t i s t i c a l  f r e q u e n c y  d i s c r i m i n a t o r  is pos tu-  
l a t ed  and  analyzed. The f o l l o w i n g   s e c t i o n  is d e v o t e d  t o  statis- 
t i c a l  e r r o r  a n a l y s i s  of t h e  mean f low es t imat ion  t e c h n i q u e  u s i n g  
t h e  D u a l   C o r r e l a t e  approach. T h e  s e c t i o n  a f t e r  t h a t  shows t h a t  
t h e  s t a t i s t i ca l  f r e q u e n c y  d i s c r i m i n a t o r  may be appl ied  t o  t h e  
e s t i m a t i o n  o f  t u r b u l e n c e  c o r r e l a t i o n s  e v e n  t h o u g h  t h e  time h i s t -  
o r y  of t h e  v e l o c i t y  f l u c t u a t i o n s  is n o t  a v a i l a b l e  e x c e p t  as a 
noisy randomly sampled waveform. 
The r e s u l t s  o f  t h e  theoretical c o n s i d e r a t i o n s  and  t h e  exper-  
i e n c e  w e  have had p r e v i o u s l y  w i t h  t h e  AEDC [l] hardware s t u d y  
were u t i l i z e d  i n  a s y s t e m  d e s i g n  which is p rov ided  i n  Appendix 
D. Appendix C is a d e r i v a t i o n  n e e d e d  i n  t h e  s e c t i o n  o n  v a r i a b i l -  
i t y  e r rors .   Appendix  B p r o v i d e s  t h e  t h e o r y  a n d  an  example pro- 
gram for  c o r r e c t  P o i s s o n  s i m u l a t i o n  of low-level  LV s i g n a l s  f o r  
e v a l u a t i o n  of e l e c t r o n i c  p r o c e s s o r  m o d e l s .  
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p h o t o e l e c t r o n  c o u n t  i n  i n t e r v a l  ( t l , t2 )  
photon   count  i n  A T  i n t e r v a l  a b o u t  k A T  
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AT 
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l o c a t i o n  o f  t h e  n e a r e s t  approach of scatterer t o  
c e n t e r  of probe volume 
c o n s t a n t  rate o f  s i g n a l  b u r s t s  
i n s t a n t a n e o u s  rate of s i g n a l  b u r s t s  
a u t o c o r r e l a t i o n  of X ( t )  =<A(t )A( t+ . r )>  
a g e n e r a l i z e d  P o i s s o n  shot n o i s e  s i g n a l  ( A p p e n d i x  A) 
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t o t a l  d a t a  c o l l e c t i o n  time 
i n v e r s e  of mean Doppler  f requency  l/fm 
time va ry ing  ve loc i ty  componen t  
t o t a l  ve loc i ty  component  
mean v e l o c i t y  component 
v e c t o r  v e l o c i t y  
l / e2  i n t e n s i t y  r a d i u s  a t  beam waist 
Po i s son  impu l se  process 
i n t e g r a t i o n  dummy v a r i a b l e ;  a l s o  l / e  half-width 
of b u r s t  . 
i n t e g r a t i o n  dummy v a r i a b l e  
Dirac de l ta  or  u n i t  i m p u l s e  f u n c t i o n  
s i m u l a t i o n  time r e s o l u t i o n  i n t e r v a l  
photon processor c o u n t i n g  i n t e r v a l  
a c c u m u l a t i o n  i n t e r v a l  for  s e c o n d  l e v e l  c o r r e l a t i o n  
e r r o r  
time v a r y i n g  mean ra te  of p h o t o e l e c t r o n  p u l s e s  
A ( t )  = n P ( t ) / h v  
s t e a d y  b a c k g r o u n d  p h o t o e l e c t r o n  ra te  
peak p h o t o e l e c t r o n  rate ( p e d a s t a l )  from t h e  j t h  
scatterer 
o p t i c a l  w a v e l e n g t h  
mean s i g n a l  p h o t o e l e c t r o n  rate # <X .> 
p r o d u c t  of photocathode q u a n t u m  e f f i c i e n c y - a n d  
d y n o d e  c o l l e c t i o n  e f f i c i e n c y  
J 
9 
v opt ica l  f requency  
P f r a c t i o n a l   t u r b u l e n c e  i n t e n s i t y  u / u  uw/wm U 
0 w rms d e v i a t i o n  of t h e  r ad ian  Doppler f r e q u e n c i e s  from scatterers 
2 time v a r y i n g  v a r i a n c e  of i(t):,  < ( i ( t ) -  <i(t)>) > 2 a,‘t’ 
T delay v a r i a b l e  
rise time o r  p u l s e  width of low pass h ( t )  
o c c u r r e n c e  time for  j t h  s i g n a l  b u r s t  
beam in t e r sec t ion  angle ;  spherical d e c l i n a t i o n  
ang le  f r o m  d i r e c t i o n  of i n c i d e n t  l i g h t  
0 polar angle 
v Poisson parameter 
w F o u r i e r  transform v a r i a b l e  o r  r ad ian   f r equency  
w 
w 
j 
random f requency  of  j t h  b u r s t  
mean of random v a r i a b l e  w ( 2 r f m )  m j 
Special Notat ion 
W 
<X> s t a t i s t i ca l  e x p e c t a t i o n   f  x = 1 x p x   ( ) d x  
- w  
W 
f ( t ) * g ( t )  c o n v o l u t i o n :  1 f ( a ) g ( t - a ) d a  
-00 
A d e n o t e s  an  estimate of a s t a t i s t i c a l  ave rage  
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STATISTICAL THEORY O F  DUAL  SCATTER  SIGNALS 
P o i s s o n  Models 
" The   S igna l   Cur ren t . -   The   s igna l   cu r ren t   f rom a photomul t i -  
p l i e r  t u b e  (PMT) is modeled as inhomogeneous f i l t e r e d  P o i s s o n  
random p r o c e s s  (see Appendix A and a lso r e f e r e n c e  [191) given by 
i ( t )  = 1 e g i h ( t - t i )  
--". 
where ti = random time of t h e  i t h  p h o t o e l e c t r o n  
e = e l e c t r o n i c   c h a r g e  
g i  = random charge  ga in  of  PMT 
h ( t )  = impu l se  r e sponse  o f  PMT/ f i l t e r  sys t em 
T h e  s y s t e m  r e s p o n s e  h ( t )  is o b t a i n e d  as  a c o n v o l u t i o n  o f  t h e  PMT 
impu l se  r e sponse  h ( t ) ,  t h e  t r a n s m i s s i o n  l i n e  impulse  response  
h t ( t ) ,  a n d  t h e  l i n e a r  f i l t e r  i m p u l s e  r e s p o n s e  h ( t )  
P 
f 
w h e r e  t h e  as ter isk d e n o t e s  t h e  c o n v o l u t i o n  i n t e g r a l :  
03 
f ( t ) * g ( t )  = f ( a ) g ( t  - a ) d a  
-03 
T h e  s u p e r p o s i t i o n  a s s u m e s  o p e r a t i o n  i n  t h e  l inear  r a n g e  of t h e  
PMT e l e c t r o n  m u l t i p l i e r .  T h e  u s e  o f  t h e  f u n c t i o n  h ( t )  assumes 
t h a t  a l l  s i n g l e  p h o t o - e l e c t r o n  p u l s e s  h a v e  t h e  same shape  excep t  
f o r   a m p l i t u d e .   T h i s   n e g l e c t s   m i n o r   r a n d o m   s h a p e   v a r i a t i o n .  
P 
The q u a n t i t y  w h i c h  re la tes  i ( t )  t o  t h e  c lass ical  o p t i c a l  
power is t h e  s t a t i s t i c a l  mean ra te  X ( t )  of o c c u r r e n c e  of t h e  
r andomly   occu r r ing   pho toe lec t ron   pu l se s .   Thus  
where q = p r o d u c t  .of cathode q u a n t u m   e f f i c i e n c y   a n d   t h e  
d y n o d e  c o l l e c t i o n  e f f i c i e n c y  
hw = Photon  energy  
P ( t )  = Classical opt ical  power ,  inc luding  background 
l i g h t  and a constant  component  fo r  dark c u r r e n t .  
The effects  of d a r k  c u r r e n t  are inc luded  by  adding  an  
equivalent  power  Pd.  The  model  could  be made more exact   by  add-  
i n g  a s e p a r a t e  d a r k  p u l s e  s u m m a t i o n  w i t h  a separate d i s t r i b u t i o n  
of ampl i tudes  which  are d i s t r i b u t e d  somewhat d i f f e r e n t l y  t h a n  
gi; b u t  t h i s  d i s t i n c t i o n  w i l l  n o t  o f t e n  be r e q u i r e d  i n  LV appl i -  
cat i o n s .  
The p r e v i o u s  material i n c l u d e s  l i t t l e  which restricts it 
t o  LV s i g n a l s .  We now consider t h e  form of X ( t )  which is also 
t r e a t e d  as  a f i l tered Poisson process. 
S u p e r p o s i t i o n  o f  c lass ical  s i n g l e  b u r s t  s i g n a l s . -  Rigorous  
e l e c t r o m a g n e t i c  t h e o r y  a n a l y s i s  of t h e  s c a t t e r e d  f ie lds  from 
more t h a n  o n e  scatterer i n  t h e  probe  volume  shows [20] mixing 
terms i n  P ( t ) ,  t h e  c lass ical  power i n c i d e n t   o n  t h e  PMT. However, 
i n  t y p i c a l  d u a l - s c a t t e r  s y s t e m s ,  t h e  d 2 f f r a c t i o n  l i m i t e d  s p o t  
s ize  o f  t h e  c o l l e c t i n g  l e n s  is much smaller t h a n  t h e . p r o b e  v o l -  
ume; conservat ion  of   energy  arguments   show t h a t  i n  such  cases 
t h e  number o f  scat terers  i n  t h e  probe volume may be much greater 
t h a n  u n i t y  w i t h  s t a t i s t i c a l l y  n e g l i g i b l e  cohe ren t  mix ing ,  r ega rd -  
less of t h e  q u a l i t y   o f   t h e   c o l l e c t i n g   l e n s  [21.  T h i s  is s i g n i f -  
i can t  e v e n  f o r  LV sys t ems  which o n l y  tr igger o n  i s o l a t e d  large 
s i g n a l  b u r s t s  b e c a u s e  w e  must a l s o  i n c l u d e  i n  t h e  model t h e  
effects of smaller scatterers which  may e x i s t  a t  h i g h e r  number 
d e n s i t y .  We w i l l  take t h e  p o s i t i o n  t h a t  a t  t h e  PMT t h e  classi-  
cal  power P ( t )  is t h e  s u p e r p o s i t i o n  of t h e  background l i g h t  
power and  the  power  f rom ind iv idua l  scatterers w i t h o u t  c o h e r e n t  
m i x i n g   c r o s s  terms. T h i s  w i l l  be  acceptable so long  as t h e  ave r -  
age number of  scat terers  i n  o n e  d i f f r a c t i o n  l i m i t e d  r e s o l u t i o n  
ce l l  of t h e  r e c e i v e r  is less t h a n  u n i t y .  
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A s e c o n d  c o n s i d e r a t i o n  c o n c e r n s  t h e  background l i g h t .  
Even when w e  n e g l e c t  c o h e r e n t  m i x i n g  of s i g n a l s ,  there are f l u c -  
e u a t i o n s   i n  t h e  classical  background power. Ber to lo t t i  [21] 
p r o v i d e s  a r ev iew  o f  these effects.  Broadband  background  sources  
can  be l a r g e l y  s u p p r e s s e d  b y  t h e  u s e  of na r rowband  spa t i a l  and  
wave-length f i l t e r s ,  b u t  n o t  always a d e q u a t e l y  e n o u g h  f o r  meas- 
ur'ements from small scatterers. If the .   background is modulated 
( for  e x a m p l e  f l u o r e s c e n t  l i g h t s )  t h e  mean v a l u e  s i g n a l  is e a s i l y  
removed  by e l e c t r o n i c  f i l ters,  b u t  t'he n o n - s t a t i o n a r y  n o i s e  is 
n o t .  When t h e  bro'adband  background is "s teady"  there are a c t u -  
a l l y  s i g n i f i c a n t  classical  f l u c t u a t i o n s  a t  r a t e s ' u p  t o  t h e  o p t i -  
cal  bandwi.dth. B e r t o l o t t i  shows t .ha t  when t h e  o p t i c a l  f i l t e r  
bandwidth is much greater t h a n  t h e  PMT e l e c t r o n i c  b a n d w i d t h ,  t h e  
p h o t o e l e c t r o n  statistics behave as  though t h e  c lass ical  f l u c t u a -  
t i o n s  d i d  n o t   e x i s t   ( t h e y  are a v e r a g e d   o u t ) .  Laser 1ight .scat-  
tered from windows is not  broadband and may exh ib i t  u n d e s i r a b l e  
f l u c t u a t i o n s .   T h i s   b a c k g r o u n d   s h o u l d  be minimized,   and i ts  
effects s t u d i e d  f u r t h e r .  
The  random process X ( t ) . -  With cogn izance  of the p r e c e d i n g  
d i s c u s s i o n ,  w e  model P ( t )  a s  t h e  summation of a c o n s t a n t  back- 
ground Pb which inc ludes  b roadband ,  laser,  and dark c u r r e n t  
s o u r c e s  and  an  inhomogeneous f i l t e r ed  P o i s s o n  s i g n a l  p r o c e s s .  
where T = o c c u r r e n c e  time of  j t h  scatterer r e a c h i n g  r 
j j '  
j 
X = random peak a m p l i t u d e   p a r a m e t e r ,  
V j  = v e c t o r  v e l o c i t y  o f  t h e  j t h  s c a t t e r e r ,  
r = l o c a t i o n  of n e a r e s t  approach of t h e  scatterer 
j t r a j e c t o r y   t o  t h e  c e n t e r  of t h e  probe  volume,  and 
f ( t , y , F )  = n o r m a l i z e d  o p t i c a l  s y s t e m  r e s p o n s e  f u n c t i o n .  
- 
T h e  n o t a t i o n  i n  e q u a t i o n  (5)  e x p l i c i t l y  shows that  i n  g e n e r a l  
t h e  shape of a b u r s t  ( i n c l u d i n g  s i g n a l  p e r i o d ,  s i g n a l  e n v e l o p e ,  
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an,d pedestal) is a f u n c t i o n  of t h e  scatterer v e c t o r  v e l o c i t y  a n d  
t r a j e c t o r y   l o c a t i o n .   T h e   r e s p o n s e  a lso has random X a m p l i t u d e  
wh ich  depends  on  bo th  t r a j ec to ry  and  par t ic le  s c a t t e r i n g  cross 
s e c t i o n .   I n   g e n e r a l  t h e , s e t  of i n s t a n t s  T are independent  
Poisson  random events  whose  ins tan taneous  ra te ,  R ( t ) ,  is statis- 
j 
j 
t i c a l l y   c o r r e l a t e d  w i t h  the v e l o c i t y  vector. 
D i s c u s s i o n  of t h e  mod.el .-  Equation ( 5 )  is cast i n  a gen- 
eral  form which o b s c u r e s  cer ta in  d e t a i l s  w i t h  g e n e r a l i t y .  F i r s t  
it assumes t h a t  t h e  v e l o c i t y  o f  a scatterer r e m a i n s  c o n s t a n t  
w h i l e  i n  t h e  probe  volume w i t h  a v a l u e  V(T , r j ) .  The ex tended  
t h e o r y  of f i l t e r e d  P o i s s o n  p r o c e s s e s  is s u f f i c i e n t l y  general  t o  
encompass t h e  fact  t h a t  t h e  f u n c t i o n a l  f o r m  o f  t h e  o p t i c a l  
r e sponse  func t ion  f ( t ,V , r )  depends  on  two  vec to r  r andom va r i a -  
bles. * However,  Snyder 193 assumes t h a t  t h e  v e c t o r  random 
parameters are independen t .  We are n o t  c e r t a i n  a t  t h e  p r e s e n t  
time what t h e  s t a t i s t i c a l  dependence of t h e  rate f u n c t i o n  R ( t )  
on t h e  v e l o c i t y  V ( t )  may imply ,  bu t  no  se r ious  consequences  w i l l  
r e s u l t  w i t h  l ow tu rbu lence  f low.  
- 
j 
" 
C o n d i t i o n a l  S i g n a l  S t a t i s t i c s  o f  t h e  P h o t o c u r r e n t  
A t  times t h e  models for t h e  s y s t e m s  a n a l y s i s  p r o b l e m  may 
be s i m p l i f i e d  u n t i l  a n a l y t i c a l  methods are a p p l i c a b l e .   I n  these 
cases t h e  u s e  .of c o n d i t i o n a l  s t a t i s t i c s  w i l l  u s u a l l y  s i m p l i f y  
t h e  a n a l y s i s .   P a p o u l i s  1101 d i s c u s s e s  t h e  u s e  of c o n d i t i o n a l  
s ta t i s t ics  a t  l e n g t h .  We u t i l i z e  t h i s  t e c h n i q u e  a t  l e n g t h  i n  a 
la te r  s e c t i o n .  B a s i c a l l y  for  a m u l t i l e v e l  random process t h e  
t e c h n i q u e  c o n s i s t s  o f  a s s u m i n g  t h e  h ighe r  l e v e l  random processes 
are  known a n d  d e t e r m i n i s t i c ,  e v a l u a t i n g  c o n d i t i o n a l  e x p e c t a t i o n s  
assuming t h e  h igher  l e v e l  p r o c e s s e s ,  t h e n  e v a l u a t i n g  t h e  expec- 
t a t i o n  o f  t h e  r e s u l t  w i t h  r e s p e c t  t o  t h e  h i g h e r  l e v e l  p r o c e s s e s .  
F i r s t  w e  w i l l  consider  s t a t i s t i c s  of i ( t )  assuming t h e  c lass ical  
o p t i c a l  s i g n a l  X ( t )  is known. 
*E lemen ta ry  sho t  no i se  theo ry  is restricted t o  an  impu l se  
r e s p o n s e  f u n c t i o n  which is c o n s t a n t  i n  shape. 
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I n s t a n t a n e o u s  .... mean ,   va r i ance ,   au tocova r i ance . -   The   r e su l t  
i n  Appendix A may be applied t o  de te rmine  t h e  ins tan taneous  mean,  
va r i ance   and   au to -cova r i ance  of t h e  s i g n a l .   T h e s e  are g i v e n  i n  
terms of t h e  f u n c t i o n  h ( t ) .  The r e s u l t s  are as follow: 
2 ( t )  = <(i( t )  - <i( t )>)  > = e <gi > X ( t ) * h 2 ( t )  2 'i 
C i i ( t l , t 2 )  = <i(t,)i(t,)> - <i(tl)><i(t2)> (8) 
2 2  
a, 
= e <gi > 1 X ( a ) h ( t l -  a ) h ( t 2 - a ) d a  
a, 
where < > d e n o t e s  s t a t i s t i ca l  e x p e c t a t i o n  a n d  where the asterisk 
a g a i n   d e n o t e s  t h e  c o n v o l u t i o n   i n t e g r a l .   T h e s e   r e s u l t s   i n c l u d e  
t h e  s p e c i f i c a t i o n  t h a t  h ( t ) ,  t h e  impu l se  r e sponse  of t h e  PMT 
a n o d e ,   h a v e   u n i t   w e i g h t ,   i . e . ,  
P 
a, 
1 h ( t ) d t  = 1 
-m P 
i n  order t o  m a i n t a i n  c o n s e r v a t i o n  of charge. The f u n c t i o n s  
h ( t )  and h f ( t )  may i n c l u d e  ampl i f i ca t ion  o r  loss factors  and 
need  no t  have  un i ty  w e i g h t .  
t 
C o n d i t i o n a l  .I._____ n o i s e   a n d  S N R . -  The  concept of s i g n a l - t o - n o i s e  
r a t i o  arose in  communica t ions  theory when t h e  "noise"  was an  
a d d i t i v e  s t a t i o n a r y  G a u s s i a n  random process t o t a l l y  character- 
ized by a mean,  mean-square  devia t ion  (var iance) ,  and  a power 
spectral d e n s i t y .  The r a t i o  of  the   peak  o r  a v e r a g e   s i g n a l  t o  
t h e  r m s  n o i s e  w a s  a use fu l   measu re .   The   p reced ing   equa t ions  
show t h e  mean-square  devia t ' ion  (var iance)  t o  be a n  i n s t a n t a n e o u s  
time f u n c t i o n  which is related t o  t h e  c lass ical  s igna l .   Obse rva -  
t i o n  of real  LV s i g n a l s  o n  a n  osci l loscope d i s p l a y  or computer 
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s i m u l a t i o n s  s u c h  as tha t  shown i n  F i g u r e  2 show t h a t  t h e  concep t  
of s i g n a l - t o - n o i s e - r a t i o  is n o t  a n  a d e q u a t e  f i g u r e - o f  merit 
w i t h o u t  c a r e f u l  s p e c i f i c a t i o n .  
For  an example SNR d e f i n i t i o n ,  w e  c o n s i d e r  a low-pass PMT 
i m p u l s e  r e s p o n s e  as a r e c t a n g u l a r  f u n c t i o n :  
h ( t )  = Rect ( t / r h )  
h 
where 
Rect ( t )  = 1, I t 1  5 0 .5  
= 0, I t [  > 0.5 
If w e  now also assume t h a t  T~ << Tm where Tm is t h e  s i g n a l  
Vote: a b s o l u t e  m a g n i t u d e  
of n o i s e  greatest 
a t  s i g n a l  peak 
where t h e  " s igna l -  
t o - n o i s e  r a t i o "  is 
maximum 
t 
F i g u r e  2 .  Computer  Simulation of LV S i g n a l  
using Algor i thms similar t o  Appendix 
B. (By J .  F. Meyers NASA Lang ley . )  
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P 4 
p e r i o d  of i n t e r e s t ,  t h e n  w e  c o u l d  o b t a i n  a n  i n s t a n t a n e o u s  SNR 
from e q u a t i o n s  (6)  and  (7 )  a s  I 
. .  
where t h e  q u a n t i t y  <gi> /<g:> is t y p i c a l l y  b e t w e e n  0 . 5 *  and 2 
1 . 0  w i t h  magnitude depending on t h e  re la t ive v a r i a n c e  of t h e  
PMT s i n g l e   p h o t o e l e c t r o n   p u l s e   g a i n .   F o r   a n  ideal t u b e  t h e  
q u a n t i t y  X(t)rh would be the i n s t a n t a n e o u s  SNR. T h i s  i s  n o t  
u s e f u l  s i n c e  i t  is a time f u n c t i o n  i n s t e a d  o f  a number. 
As a n  a l t e r n a t i v e ,  w e  may take t h e  l o c a l  time a v e r a g e  of 
t h e  SNFt g iven  by  (12 )  ove r  a s i n g l e  c y c l e  n e a r  t h e  peak of t h e  
pedastal. T h i s   w o u l d   g i v e ,   f o r   a n  ideal PMT, 
SNRAVpeak % A T  j h  
where X is t h e  peak v a l u e  of t h e  pedastal  of  t h e  j t h  s i g n a l  
b u r s t ,  i f  w e  assume sparse non-ove r l app ing   bu r s t s .  We o b s e r v e  
t h a t  e q u a t i o n s  (6)  th rough  ( 8 )  are v a l i d  when h ( t )  is a bandpass  
f u n c t i o n ,  b u t  (13) is t h e n  m e a n i n g l e s s  u n l e s s  w e  r e d e f i n e  T 
for  a bandpass  h ( t ) .  Also w e  n o t e  t h a t  t h i s  d e f i n i t i o n  w o u l d  
be n e c e s s a r y  f o r  m e a n i n g f u l  u s e  w i t h  a b u r s t - c o u n t e r  p r o c e s s o r ,  
s i n c e  it is t h e  bandpass  f i l tered AC s i g n a l  t o  wide-band noise  
power t h a t  is s i g n i f i c a n t  i n  t h a t  case. 
j 
h 
S i g n a l  Regimes.- The idealized q u a n t i t y  SNRavpeak g i v e n  
i n  e q u a t i o n  (13) as X T is a t  least  a u s e f u l  q u a n t i t y  i n  d e f i n -  
i n g  a c l a s s i f i c a t i o n  s y s t e m  o f  s i g n a l  regimes for  a low-pass 
j h  
* T y p i c a l  r m s  v a l u e s  are 0.707 o r  greater ( [ 2 2 ] , p a g e  66). 
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fi l tered s i g n a l .  T h e  f o l l o w i n g  d e f i n i t i o n s  of a pho ton- re so lved ,  
a pho ton- l imi t ed ,  and  a G a u s s i a n  s i g n a l  regime have been some- 
what a r b i t r a r i l y *  i d e n t i f i e d :  
The s i g n a l  is p h o t o n  r e s o l v e d  i f  h.rh << 1.. I n  t h i s  case 
t h e  p r o b a b i l i t y  of two or  m o r e  p h o t o e l e c t r o n  e v e n t s  o c c u r r i n g  
w i t h i n  t h e  r e s p o n s e  time -rh is small. Its appea rance  is t h a t  
of i n d i v i d u a l  p u l s e s  which v a r y  i n  h e i g h t  d u e  t o  t h e  randomness 
of gi. Photon   count ing   methods  are a p p r o p r i a t e .   T h e   c o n d i -  
t i o n a l  mean v a l u e  of i ( t )  is still p r o p o r t i o n a l  t o  X ( t ) ,  b u t  
t h e r e  is no v i s i b l e  r e s e m b l a n c e  t o  X ( t ) .  T h i s  c o n d i t i o n  is 
i l l u s t r a t e d  by t h e  ex t reme r i g h t  hand p o r t i o n  of F i g u r e  2 .  
For  X . r h  >> 1, t h e  s i g n a l  i ( t )  is a s y m p t o t i c a l l y  a nons ta -  
t i o n a r y  G a u s s i a n  P r o c e s s .  I n  t h i s  case t h e  first and h ighe r  
order p r o b a b i l i t y  d e n s i t y  f u n c t i o n s  f o r  i ( t )  a t  any set  of  
i n s t a n t s  ( t l , t 2 ,  . . . )  may be de termined  immediately by plugging 
t h e  mean, v a r i a n c e  and  au to-covar iance  f rom t h e  preceding  equa-  
t i o n s  i n t o  well known Gauss ian   formulas .   Under  these same con- 
d i t i o n s  t h e  s i g n a l  d i s p l a y  a p p e a r s  t o  t h e  eye  as  a classical  . 
s i g n a l  m i ( t )  p l u s   G a u s s i a n   n o i s e .   T h i s   c o n d i t i o n  is approached 
by peak of t h e  trace i n  F i g u r e  2. The major d i f f e r e n c e  b e t w e e n  
t h i s  case and t h a t  of c lass ical  communica t ions  theory  problems 
is tha t  t h e  0 v a l u e  for t h e  n o i s e  is s i g n a l  (time) and system 
d e p e n d e n t .   U s u a l l y ,   s i g n a l s  i n  t h e  Gauss ian  regime are  s u i t a b l e  
fo r  p r o c e s s i n g  by c lass ical  m e t h o d s  ( b u r s t  c o u n t e r  a n d / o r  
tracker).  
The photon l imi ted  regime is t h a t  for  which h ' rh  is w i t h i n  
an   o rde r   o f   magn i tude  of u n i t y .  No mathematical s i m p l i f i c a t i o n s  
are possible.  V i s u a l l y  t h e  s i g n a l  appears a s  shown i n  a l l  b u t  
t h e  lowest p o r t i o n s   o f   F i g u r e  2 .  The  upper limits of photon 
* 
S e e   P a p o u l i s  [ l o ]  page 571. N o  s p e c i f i c  limit on t h e  
magni tude   o f  X . r h  is g i v e n .  We d e f i n e  t h e  p h o t o n   l i m i t e d  regime 
as 0.1  < h.rh < 10. 
18 
r 
c o u n t i n g  t e c h n i q u e s  a n d  t h e  lower limits o f  c o n v e n t i o n a l  tech- 
n i q u e s  b o t h  f a l l  i n  t h i s  range. 
As w e  h a v e  i l l u s t r a t e d ,  t h e  s i g n a l  c l a s s i f i c a t i o n  may 
apply t o  d i f f e r e n t  p o r t i o n s  of t h e  same waveform. We may a lso 
u s e  t h e  c l a s s i f i c a t i o n  w i t h  respect t o  t h e  peak pedastal v a l u e  
X ‘1. t o   c l a s s i f y   s i g n a l   b u r s t s .  Under t h i s  t y p e  of  c lass i f i -  
c a t i o n ,  F i g u r e  2 i l l u s t r a t e s  a photon- l imi ted  burs t  whose  peak 
a v e r a g e  SNR is less t h a n  10. A d d i t i o n a l   b a n d p a s s   f i l t e r i n g  
wou ld   i nc rease  T and place t h e  c e n t r a l  p o r t i o n  o f  t h e  b u r s t  i n  
F i g u r e  2 i n  t h e  G a u s s i a n  regime. Th i s  wou ld  no t  be p o s s i b l e  
w i t h  a s i g n i f i c a n t l y  weaker s i g n a l .  
j h  
h 
U n c o n d i t i o n a l  S t a t i s t i c s  
- Long time mean, v a r i a n c e ,  a u t o c o v a r i a n c e . -  E q u a t i o n s  ( 6 )  - 
(8)  i n c l u d e  t h e  assumed de te rminis t ic  c lass ical  s i g n a l  A ( t )  which 
is p r o p o r t i o n a l   t o   i n s t a n t a n e o u s   o p t i c a l   p o w e r .  When w e  w i s h  
later t o  e v a l u a t e  t h e  long- t ime  a v e r a g e  r e s u l t  which accumula tes  
d u r i n g  a pho ton  coun t ing  expe r imen t ,  i t  w i l l  be necessary t o  
treat  X ( t )  as a n  e r g o d i c  random p r o c e s s  w i t h  long- t ime average  
e q u a l  t o  t h e  uncond i t ioned  s t a t i s t i c a l  mean: 
We a l s o  make u s e  of t h e  a u t o c o r r e l a t i o n  of X ( t ) :  
Now f rom equat ion  (6 )  t a k i n g  t h e  e x p e c t a t i o n  w i t h  respect t o  
X ( t )  g i v e s  t h e  a v e r a g e  c u r r e n t  as  
CQ 
<i> = e<gi><X> 1 h ( t ) d t  
“00 
w h e r e  t h e  i n t e g r a l  is u n i t y  u n l e s s  h ( t )  i n c l u d e s  p r e a m p l i f i -  
c a t i o n  or  a t t e n u a t i o n  e x t e r n a l  t o  t h e  PMT. I n  order t o  deter'-. 
mine t h e  long  time v a r i a n c e  ~ r . ~  w e  do n o t  ge t  t he  c o r r e c t  ' ' 
answer   by   t ak ing  t h e  e x p e c t a t i o n  of u ( t )  given   by   equat i -on ' . '  
(7'). , Rather ,  o n e  d e t e r m i n e s '  t h e  c o n d i t i o n a l  v a l u e  of <i ( t  ) i .  2 
by  adding t h e  s q u a r e  of (6) t o  ( 7 ) .  The e x p e c t a t i o n  w i t h  
r e s p e c t  t o  X ( t )  follows; f i n a l l y ,  t h e  s q u a r e  o f  e q u a t i o n  (16) 
is s u b t r a c t e d   f r o m  t h e  u n c o n d i t i o n a l   e x p e c t a t i o n   o f  i ( t ) .  When 
a l l  these s t e p s  are  completed,  and similar o n e s  f o r  t h e  uncondi-  
t i o n a l  a u t o c o v a r i a n c e ,  w e  o b t a i n :  
1 
. .  . 
2 
i 
2 
2 co m = e [<gi>2 1 R X ( a ) f h ( a ) d a +  <g?><A> h2(a)da ( 1 7 )  
--03 - W  
2 2  
m 
- <gi> <X> (1  h ( a ) d ~ t ) ~ ]  
-03 
where 
m 
f h ( T )  = 1 h ( a ) h ( a +  T)da 
-00 
The second term i n  t h e  e x p r e s s i o n  for  C (T) v a n i s h e s  f o r  T 
greater t h a n  t h e  impu l se  r e sponse  time f o r  t h e  PMT and f i l t e r  
combina t ion;  t h e  l a s t  term is t h e  s q u a r e  of t h e  mean; t h e  first 
term is t h e  c o r r e l a t i o n  o f  X ( t )  smoothed  by t h e  c o r r e l a t i o n  of 
h ( t )  w i t h  i t se l f .  
ii 
I d e a l  p h o t o n  c o r r e l a t i o n . -  An ideal ized p h o t o n  c o r r e l a t o r  
c o u n t s  a l l  p h o t o e l e c t r o n  e m i s s i o n  e v e n t s  d u r i n g  s u c c e s s i v e  u n i -  
f o r m l y   s p a c e d   c l o c k   p e r i o d s   o f   d u r a t i o n  A T .  The number sequence  
20 
In,) which r e s u l t s  is a l g e b r a i c a l l y  m a n i p u l a t e d  t o  y i e l d  t h e  
summation of terms nknk+p.   In   eva lua t ing  t h e  e x p e c t e d   v a l u e  
of t h e  resul t  of accumula t ing  such  a . sum w e  e n c o u n t e r  t h e  need 
t o  e v a l u a t e  the q u a n t i t i e s  < n k > '  a n d  <n + n These expec- 
t a t i o n s  may be e v a l u a t e d  u s i n g  e q u a t i o n s  (16) - (19) by assuming 
k k+p' 
. .  
h ( t )  = R e c t ( t / A T )  
gi = l / e  
where Rect(t) w a s  d e f i n e d  i n  e q u a t i o n  (11) and 
With these assumptions, i ( t )  is e q u a l  t o  t h e  number of photo- 
e l e c t r o n  e v e n t s  i n  t h e  i n t e r v a l  ( t -  AT/^, t + A ~ / 2 )  and the 
fo rmulas  r educe  t o  
03 
v a r  n k = 0 i = <n$ -<nk>2 = AT I R),(cc) A ( k ) d a  
-a 
> = Cii(pA-r) + <i> 2 <"knk+p 
; ( 2 2 )  
(23)  
where t h e  c o r r e l a t i o n  i n t e g r a l  of e q u a t i o n  (19) p roduces  a tri- 
a n g u l a r   f u n c t i o n ,  i . e .  
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__ . . . ." 
where 
We o b s e r v e  t h a t  t h e  g e n e r a l l y  accepted r e s u l t  t h a t  t h e  photon 
c o r r e l a t i o n  is shaped l ike  t h e  c o r r e l a t i o n  of t h e  classical  
s i g n a l  i s . t r u e  s u b j e c t  t o  t h e  jump d i s c o n t i n u i t y  a t  z e r o  d e l a y  
a n d  s u b j e c t  t o  t h e  t r i a n g u l a r  w e i g h t i n g  f u n c t i o n  which behaves  
as a low-pass f i l t e r  w i t h  r e s p e c t  t o  t h e  de ta i l s  of RA(~). 
When A T  is much smaller t h a n  a character is t ic  s i g n a l  pe r -  
iod,  t h e n   e q u a t i o n s  (23) and ( 2 4 )  s i m p l i f y :  
< nknk+p > = RA(pAr) ,  p # 0 
= A T  R X ( 0 )  + < X > A T ,  p = O  2 
i . e . ,  
v a r  n = < n  > +  AT^ v a r  X k k ( 2 9 )  
T h i s  l as t  r e s u l t ,  which w e  o b t a i n  as a s p e c i a l  c a s e ,  h a s  a l s o  
been  given by B e r t o l o t t i  1211. I t  p r o v i d e s  a way to   measu re  t h e  
v a r i a n c e   o f  t h e  c lass ical  s i g n a l  e v e n  w i t h  pho ton   r e so lved  s ig-  
n a l s  i f  a long  sequence  of  nk v a l u e s  are a v a i l a b l e .  
PHOTON COUNTING PROCESSORS FOR MEAN 
FLOW AND TURBULENCE INTENSITY 
I n  t h i s  s e c t i o n  w e  p r o v i d e  a n  idealized t h e o r e t i c a l  basis 
for  t h e  u s e  o f  p h o t o n  c o r r e l a t i o n  a n d  a new type  o f  pho ton  
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coun t ing  t echn ique ,  "dua l - co r re l a t e -and- sub t r ac t  , If  and show how 
t h e y  may be used  for  mean-f low and  turbulence  in tens i ty  measure-  
men t s .   Ex tens ions  t o  h i g h e r  order statistics are d i s c u s s e d  i n  a 
la ter  s e c t i o n .  Error a n a l y s i s  of t h e  p r o c e s s o r s  described in 
t h i s  ' s e c t i o n  is p r e s e n t e d  i n  t h e  n e x t  s e c t i o n .  
S p e c i f i c  S i g n a l  Model 
The form of e q u a t i o n  (5)  is q u i t e   g e n e r a l .   I n   m o s t  prac- 
J J  
t i ca l  sys t ems ,  the f u n c t i o n  f ( t , v  , r  . )  which describes t h e  o p t i -  
cal  r e s p o n s e  w i t h  r e s p e c t  t o  par t ic le  p o s i t i o n  a n b  v e l o c i t y  is 
complicated when t h e  effects of l i m i t i n g  p i n h o l e ,  a p e r t u r e s  a n d  
v a r i a b l e  d u r a t i o n  d u e  t o  h igh  t u r b u l e n c e  are inc luded .   Fo r  t h e  
p r e s e n t  w e  assume a s i m p l i f i e d  l o w  turbulence  model  which assumes 
a b u r s t  w i t h  perfect c o n t r a s t  and  c o n s t a n t  s h a p e :  
- 
X ( t )  = X b  + 1 X . f ( t - T . ) [ l + c O s  o . ( t - T j ) ]  
J J J 
where X = random b u r s t  pedastal ampl i tude  
j 
A b  = cons tan t  background  ra te ,  
f ( t )  = low-pass pulse waveform w i t h  peak e q u a l  u n i t y ,  
T = o c c u r r e n c e  time f o r  j t h  b u r s t ,  
w = rad ian  f r e q u e n c y   p r o p o r t i o n a l  t o  o n e   v e l o c i t y  
J component  of t h e  j t h  par t ic le  
j 
Xbp(  t ) .  Then 
We assume t h a t  
We may write e q u a t i o n  (30) as  t h e  sum of a c o n s t a n t ,  Ab, a low- 
pass p r o c e s s ,  X ( t ) ,  ( t h e  p e d a s t a l s ) ,  a n d  a bandpass p r o c e s s  
RP 
A ( t )  = A b  + X ( t )  + X b P ( t )  
RP (31) 
there are s e v e r a l  f r i n g e s  i n  t h e  probe volume so 
that  t h e  spectra of X ( t )  a n d  X ( t )  are non-overlapping.  Thus 
X ( t )  is a zero-mean process, and X ( t )  and X ( t )  are uncor-  
r e l a t e d .  We o b t a i n  
RP bp 
bP RP bP 
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We now u s e  t h e  low tu rbu lence  a s sumpt ion  and  fu r the r  a s sume  
t h a t  t h e  scatterers are u n i f o r m l y  d i s p e r s e d  i n  s p a c e  so t h a t ,  
R ( t ) ,  t h e  rate of b u r s t  a r r i v a l s  is a c o n s t a n t  R .  The results 
of Appendix A can  be a p p l i e d  t o  d e r i v e  e x p r e s s i o n s  fo r  t h e  
three terms i n  e q u a t i o n  (32), t h e  r e s u l t  is 
< X ( t ) >  = A b  + R < X . >  / f ( t ) d t  
J -03 
W 
(r) = R < X . >  / f ( t )  f ( t + r ) d t  x Ilp J -cQ 
2 1  
J -00 
OD 
C X b p ( ~ )  = R < X . >  2 <COS UT> 1 f ( t ) f ( t  + . ~ ) d t  
(33) 
(34) 
(35) 
where t h e  e x p e c t a t i o n  o f  t h e  <cos  UT> term is w i t h  respect t o  
t h e  random v a r i a b l e  w The d e r i v a t i o n  r e q u i r e s  t ha t  w e  expand 
t h e  p r o d u c t  o f  c o s i n e s  w i t h  t h e  sum and d i f f e r e n c e  f o r m u l a  and 
approximate  t h e  i n t e g r a l  o f  t h e  p roduc t  o f  a low-pass term and 
a bandpass  term as  z e r o .  
j‘ 
We now assume t h a t  t h e  t u r b u l e n c e  is Gauss ian  w i t h  mean 
r a d i a n   f r e q u e n c y  w and r m s  d e v i a t i o n  u . Then  by d i r e c t   a p p l i -  
c a t i o n  of t h e  d e f i n i t i o n  o f  e x p e c t a t i o n  w e  o b t a i n *  
m w 
2 2  
-UwT /2 
= e  c o s  w T m 
* I n  g e n e r a l  <cos UT> is s imply  related t o  t h e  s t a t i s t i c a l  
characterist ic f u n c t i o n  for  t h e  random v a r i a b l e  w .  s i n c e  t h i s  
f u n c t i o n  is d e f i n e d  as a F o u r i e r  t r a n s f o r m  o f  t h e ’ p r o b a b i l i t y  
d e n s i t y  f u n c t i o n  [ l o ] .  
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A s impl i f i ed  e x p r e s s i o n  f o r  t h e  a u t o c o r r e l a t i o n  of t h e  classical  
s i g n a l  is t h u s  
-0 T /2 2 2  W 
T h i s  r e s u l t  s h o w s  tha t  r e g a r d l e s s  of t h e  shape of t h e  enve lope  
f u n c t i o n  f ( t ) ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  h a s  a c o n s i n u s o i d a l  
v a r i a t i o n  a t  t h e  mean s i g n a l  f r e q u e n c y  a n d  a Gauss ian  envelope  
decay factor due t o  t u r b u l e n c e  i n t e n s i t y .  
If we now assume tha t  t h e  classical  b u r s t s  are Gaussian 
shaped (TEMoo beams w i t h o u t  a p e r t u r e  effects) ,  t h e n  w e  have 
-t /a 2 2  f ( t )  = e 
where a is t h e  l / e  ha l f  w i d t h  of t h e  envelope  a n d  o b t a i n  
00 
I f ( t ) d t  = fi a 
-03 
(39) 
00 
-T /2a  2 2  I f ( t ) f ( t  + .r)dt = 4 a e  
-W 
The f i n a l  s implif ied e x p r e s s i o n s  for  t h e  first two  moments of 
A ( t )  are 
. .  
, .  
where low p e r c e n t  t u r b u l e n c e  has been assumed and 
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'b 
R = scatterer a r r i v a l  rate,  
= background count rate,  
= random pedas t ,a l  he ight  from j t h  scatterer, 
a = l / e  half b u r s t  d u r a t i o n ,  . .  
ow = r m s ' d e v i a t i o n  o f  r a d i a n  f r e q u e n c y  d u e  t o  t u r b u l e n c e ,  
*In = mean rad ian  . f requency  (ao/om << l ) ,  and 
T = d e l a y  v a r i a b l e  of a u t o c o r r e l a t i o n .  
The shapes of t y p i c a l  c o r r e l a t i o n  f u n c t i o n s  fo r  zero t u r -  
bu lence  and :10% tu rbu lence  are i l l u s t r a t e d  i n  F i g u r e  3 .  
Idealized P h o t o n  C o r r e l a t i o n  of LV S i g n a l s  
The number nk is t h e  number of p h o t o - e l e c t r o n  emiss ion  
e v e n t s  i n  t h e  i n t e r v a l  which e x t e n d s   AT/^ f rom t h e  
i n s t a n t  k A T .  An idealized photon correlator produces and 
sums delayed p r o d u c t s  from t h e  uni formly  spaced sequence € n k j .  
We assume t h e  t o t a l  number of products   accumula ted  is N .  The 
accumulator   produces a sum M a t  t h e  delay v a l u e  P A T  g iven  by 
A 
P 
The ideal photon correlator would s imul t aneous ly  accumula t e  NGk 
d e f i n e d  by 
N 
1 
h 
Nnk = 1 nk (43) 
The uncond i t iona l  expec ted  va lue  o f  these sums is obtained from 
e q u a t i o n s  (22)  and (27) af ter  i n t e r c h a n g i n g  e x p e c t a t i o n  and sum- 
mation as  
<g > = 
P N<nknk+p' 
= NAT R A ( p A . r ) ,  p # 0 
= N[<X>AT + A T  R , , ( O ) ] ,  p =  0 
2 
2 
(44)  
26 
1.5 
1.0 
0.5 
1.5  
1.0 
0 . 5  
. .  
. .  
. .  
Turbulence = 10% 
0 1 2 3 4 5 6 7 8 9 10 
CORRELATION .DELAY. TIME 
Figure 3. Autocorrelation  Functions of Classical 
Burst Signals. 
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By combin ing  equa t ions  (40) -,(45), w e  may o b t a i n . a n  esti- 
mator f o r  t h e  a u t o c o r r e l a t i o n  o f  X ( t ) ,  i . e . ,  
A 
R A ( p A ~ )  = - 1 (Bp - N G k ) ,  P = 0 
A T ~ N  
T h i s  e s t i m a t o r  i n c l u d e s  t h e  z e r o  d e l a y  v a l u e ,  w h i c h  is u s u a l l y  
o m i t t e d ,  by making u s e  o f  t h e  separate mean count  computa t ion .  
The same mean coun t  estimate nk may be u s e d  t o  estimate t h e  l o n g  
d e l a y  l e v e l  
I n t e r p r e t a t i o n  of a n  a u t o c o r r e l a t i o n  estimate computed 
a c c o r d i n g  t o  e q u a t i o n  ( 4 6 )  i n v o l v e s ,  f i r s t ,  t h e  u s e  of a m a n a -  
l y t i c a l  model  such as e q u a t i o n  ( 4 1 ) ;  s e c o n d ,  a parameter e x t r a c -  
t i o n  p r o c e d u r e ,  s u c h  as  a mean s q u a r e  e r r o r  m i n i m i z i n g  c u r v e  f i t  
a l g o r i t h m ;  t h i r d ,  a c o r r e c t i o n  f o r  a n y  s t a t i s t i c a l  bias  e r r o r s ;  
a n d  f o u r t h ,  a v a r i a b i l i t y  e r r o r  c r i t e r i o n  w h i c h  a s s u r e s  t h a t  
s u f f i c i e n t  data is accumula ted .  We have   provided  a p rocedure  
and  an  example  model for  t h e  first step.  The b i a s   a n d   v a r i a -  
b i l i t y  e r r o r s  are d i s c u s s e d  i n  a l a t e r  s e c t i o n .  We have  not  
c o n s i d e r e d  t h e  o p t i m i z a t i o n  o f  t h e  second s t e p  a l though  one  
method is d i scussed   be low.  Some l i t e r a t u r e   [ 1 5 , 1 6 , 1 7 I i s   b e g i n -  
n i n g  t o  a p p e a r ,  b u t  f u r t h e r  effor t  is needed. 
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At the  Denmark  LDA  conference  in  the  summer  of 1975, 
Abiss et al.  [16]  described  a  ''new"  interpretation of a  photon 
correlellogram as the  Fourier  transform  of  the  velocity  proba- 
bility  density  function.  This  "breakthrough"  allows  the  meas- 
urement of the  probability  density of the  velocity  field  by 
digital  Fourier  transform of the  correlation  results  under  the 
condition  that  the  pedastal  and  fringe  envelope  correlations 
are  nearly  constant  over  the  range  of  delays  for  which  the  sin- 
usoidal  correlation  is  appreciable.  This  result  is  equivalent* 
to  the  interpretation of spectrum  analyser  displays  (connected 
directly to the  photo-detector)  years  ago as the  probability 
density of the  velocity  field.  The  restriction  is  equivalent 
to requiring  many  fringes  in  the  probe  volume so that  the  transit- 
time  spectral  broadening is small.  Our  equation (35) shows the 
relationship  between  the  probability  density  function  of  the 
velocity  (frequency)  samples  and  the  correlation.  The  expres- 
sion <cos UT> is the  cosine  Fourier  transform  of  the  probability 
density  for w When  there  are  many  fringes  in  the  probe volume 
the  envelope  correlation  term  is  a  broad  pulse  which  is  essen- 
tially  constant  over  the  extent  of  <cos UT>. In  that case, t h e  
t r a n s f o r m  o f  t h e  c o r r e l a t i o n  is a c t u a l l y  i n v e r t i n g  t h e  statis- 
t i c a l  c h a r a c t e r i s t i c  f u n c t i o n  t o  p r o d u c e  a s c a l e d  p r o b a b i l i t y  
d e n s i t y .  
Y 
The u n f o r t u n a t e  t r u t h  r e m a i n s  t h a t  i n  m o s t  p r a c t i c a l  LV 
p r o b l e m s ,  t h e  p r o b e  v o l u m e  a n d  s p a t i a l  f r e q u e n c y  o f  t h e  f r i n g e s  
must be small w i t h  t h e  r e s u l t  t h a t  w e  rarely h a v e  t h e  l u x u r y  
of   having  many f r i n g e s  in t he   p robe   vo lume .  For t h e  r e a l i s t i c  
case, t h e n ,  w e  f i n d  t h e  s p e c t r u m  t o  b e  t h e  c o n v o l u t i o n  o f  t h e  
v e l o c i t y  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  a n d  t h e  t r a n s f o r m  o f  t h e  
e n v e l o p e  c o r r e l a t i o n ,  a n d  care is r e q u i r e d  i n  i n t e r p r e t a t i o n .  
* 
A t  least  i n  t h e o r y :   t h e   p h o t o n   c o r r e l a t o r  is much more 
e f f i c i e n t  a t  l o w  s i g n a l  l e v e l s  t h a n  a n y  s w e p t  f r e q u e n c y  s p e c t r u m  
a n a l y s e r  c o u l d  be. 
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A.Photon  Count ing  Frequency  Discr imina tor  
T h i s  s e c t i o n  describes t h e  b a s i s  f o r  a s ta t i s t ica l  mean 
f r e q u e n c y   d i s c r i m i n a t o r  fo r  pho ton   r e so lved  LV s i g n a l s .  We. 
b e g i n  w i t h  a his tor ical  d e s c r i p t i o n  of t h e  m o t i v a t i n g  logic 
w h i c h  m a y ’ , o f . f e r  i n s i g h t  t o ’ o t h e r s  fo r  more advanced development.  
A u t o c o r r e l a t i o n  F r e q u e n c y  D i s c r i m i n a t i o n . -  I t  is w e l l  
known t h a t  t h e  a u t o c o r ’ r e l a t i o n  f u n c t i o n  of a zero-mean  narrow- 
band random process is c o s i n u s o i d a l  w i t h  f r e q u e n c y  e q u a l  t o  
t h e  mean f r equency  of the  nar row-band process  and  envelope  
which is t h e  a u t o c o r r e l a t i o n  o f  t h e  ampl i tude  and  phase enve lope  
of  t h e  process .   For   example ,  i f  t h e  two-sided power S x ( f )  of 
a random p r o c e s s  x ( t )  is 
= A ( f  - f m )  + A ( f  + f m )  
Where A ( f )  is an  even  pulse-shaped  func t ion  and  f m  is a c e n t e r  
f requency  much greater t h a n  t h e  f r equency  wid th  o f  A ( f ) ,  t h e n  
Rx(-r )  = ~ R , ( T )  c o s  2afm-r (49)  
Where A ( f )  is t h e  F o u r i e r  t r a n s f o r m  o f  R a ( - r ) .  Now w e  n o t e  t h a t  
fo r  small p e r t u r b a t i o n s  of t h e  a rgument  2~r‘1f~  about  t h e  p o i n t  
‘I = 3/4 f m  
t h e  v a l u e  o f  R x ( ~ )  v a r i e s  i n  p r o p o r t i o n  t o  t h e  p e r t u r b a t i o n  of 
ei ther ‘I o r  f m .  Thus,  i f  ‘I is selected t o  s a t i s f y   e q u a t i o n  
(50), t h e n  t h e  s t a t i s t i c a l  a u t o c o r r e l a t i o n  f u n c t i o n  w o u l d  s e r v e  
i n s t a n t a n e o u s l y  as  a f r e q u e n c y   d i s c r i m i n a t o r   f o r  small d e v i a t i o n s  * 
* 
T h i s  is s i g n i f i c a n t  i n  l a t e r  s e c t i o n s  e v e n  t h o u g h  t h e  
s t a t i s t i ca l  a u t o c o r r e l a t i o n  f u n c t i o n  c a n n o t  be e x p e r i m e n t a l l y  
obse rved .  
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of fm.  If t h e  random p r o c e s s  were e r g o d i c ,   t h e n  t h e  same 
r e s u l t s  would apply t o  t i m e - a v e r a g e  a u t o c o r r e l a t i o n s  when t h e  
a v e r a g i n g  time w a s  long compared w i t h  t h e  cohe rence  time of  t h e  
p r o c e s s .  These p r i n c i p l e s  may be e x t e n d e d  t o  a random process 
which is t h e  sum o f  a narrow-band process and a low-pass pro- 
cess by first f i l t e r i n g  t h e  process w i t h  a high-pass f i l ter  t o  
remove t h e  non-zero mean low-pass  process .  
A p p l i c a t i o n  . .  . t o   p h o t o n   r e s o l v e d   s i g n a l s . -   I n  t h e  case of 
photon-reso lved ,LV s i g n a l s ,  t h e  classical s i g n a l  random process  
4s n o t  n e c e s s a r i l y  r e ' c o v e r a b l e  f r o m  t h e  sparse s i n g l e  p h o t o n  
e v e n t s ,  b u t  w e  have  already shown t h a t  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  may be approximated by t h e  e x p e c t e d  v a l u e  of a photon 
c o r r e l a t i o n  o p e r a t i o n  o n  t h e  pho ton   even t s .  The o r i g i n a l  con- 
cept was t h u s  t o  d e v i s e  a high-pass  d i g i t a l  f i l t e r  which  would 
be appl ied  t o  t h e  count  sequence  ink}  t o  remove t h e  effects of 
background l i g h t  and low-pass pedastal from t h e  s ta t i s t ica l  
average  <nk> w h i l e  Leaving t h e  bandpass  in fo rma t ion  s i g n a l  
i n f o r m a t i o n .  T h i s  f i l t e r  would be followed  by a d i g i t a l  c o r r e -  
l a t i o n  (de l ayed  product  summation)  a t  t h e  d e l a y  v a l u e  g i v e n  by 
e q u a t i o n  (50) .  S i n c e  t h e  d i g i t a l  e l e c t r o n i c s  had t o  be v e r y  
f a s t ,   o n l y . s i m p l e  d i g i t a l  f i l ters cou ld  be considered.  The 
simplest  one t h a t  w e  t hough t  o f  w a s  t o  de l ay  t h e  sequence  {nk)  
by one -ha l f   pe r iod  of t h e  s i g n a l  and s u b t r a c t .  T h i s  o p e r a t i o n  
cancels t h e  low- f requency  po r t ions  o f  t h e  expec ted  va lue  o f  
nk and adds t h e  s i n u s o i d a l  p o r t i o n s  i n  phase.  Such a d e l a y  and 
s u b t r a c t  f i l ter  would produce 
mk 
Where t h e  c o u n t i n g  i n t e r v a l  A T  must be a d j u s t e d  t o  s a t i s f y  
q A T  = 1 / ( 2 f m ) '  ' (52) 
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w i t h  q a n  e v e n  i n t e g e r .  After t h i s  w a s  done  one  would  accumu- 
l a t e  l a g  p r o d u c t s  of mk w i t h  d e l a y  PAT e q u a l  t o  three q u a r t e r s  
of a s i g n a l  p e r i o d  p = 3q/2 .  T h i s  approach leads o n e  t o  form 
t h e  summation G 0  g iven  by Pq 
The p r e v i o u s  r e s u l t s  f o r  p h o t o n  c o r r e l a t i o n  a r e  a p p l i c a b l e  fo r  
t h e  d e t e r m i n a t i o n  of t h e  expec ted   va lue   o f  t h e  q u a n t i t y  i0 . 
P9 
The de ta i l s  are o m i t t e d  here and i n c l u d e d  for  t h e  simpler dua l -  
c o r r e l a t e  a p p r o a c h  d e s c r i b e d  b e l o w ,  b u t  F i g u r e  4 is a s i m p l i f i e d  
d i s c r i m i n a t o r  character is t ic  fo r  t h e  expec ted  va lue  of  t h e  
r e s u l t .  I t  is p rov ided   fo r   compar i son  w i t h  F i g u r e  5 which is 
d e s c r i b e d  i n  d e t a i l  below. 
After a l l  of t h e  above  reasoning ,  i t  o c c u r r e d  t o  u s  t h a t  
another  approach  ( w e  t hough t )  cons i s t ed  o f  pe r fo rming  t h e  delay 
a n d  s u b t r a c t  f i l t e r i n g  ope ra t ion  on  t h e  c o r r e l a t i o n  estimate 
a f t e r  it  was made rather t h a n  on t h e  high-speed s i g n a l  sequence 
ink} .  Reference t o   F i g u r e  3 shows t h a t  a one-ha l f -per iod  s h i f t  
and  sub t r ac t  o f  t h e  t y p i c a l  LV c o r r e l a t i o n  w i l l  approximate ly  
cancel t h e  low-pass   por t ion   o f  t h e  a u t o c o r r e l a t i o n .  The r e s u l t s  
of t h i s  approach  p rov ide  an  approx ima te  d i sc r imina to r  r e sponse  
as shown i n  F i g u r e  5 w i t h  less h igh - speed  da ta  arithmetic 
r e q u i r e d .   T h i s   " d u a l   c o r r e l a t e   a n d   s u b t r a c t "   a p p r o a c h   a l s o  
leads t o  l a r g e r  f r e q u e n c y  r a n g e  fo r  t h e  discr iminator  f u n c t i o n ,  
and   thus  has been  chosen for  development .   Hindsight  has now 
shown u s  t h a t  by algebraic rearrangement t h i s  approach is most 
economically implemented w i t h  h igh - speed  de lay  and  sub t r ac t  
f i l t e r  p r i o r  t o  m u l t i p l i c a t i o n .  T h i s  t echn ique  may be shown 
t o  be j u s t  a n o t h e r  i m p l e m e n t a t i o n  of t h e  o r i g i n a l  f i l ter  and 
c o r r e l a t e  c o n c e p t .  
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Figure 5. Discriminator  Characteristic  for 
Dual  Correlate  Approach. 
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Dual  correlate  and  subtract.- We will let the  quantity 
be  defined as follows . .  
. .  
where 
m = n ( n  - n  1 k k  k-p k-q 
It is  straight  forward to show that, except  for  a  few  end 
terms, P is mathematically  identical  to  the  quantity M ' - M  
where M and are  defined by  equation (42). I t  is  for  this 
reason  that we will  lable  the  approach  as  the  "Dual  Correlate 
and  Subtract"  technique  even  though  the  delay  values  are  nega- 
tive  instead  of  positive.*  We now  demonstrate  that  the  expected 
value  of  behaves as a  frequency  discriminator  as  illustrated 
i n  Figure 5 under  conditions  which  we  will  identify.  The 
adjustment of the  system  clock  period A T  leads  to  a  null in the 
expected  accumulator  value.  Measurement of A T  provides  a  direct 
A A . .  
A pq P C I  
P 9 
P4 
measure  of the mean  signal  frequency as  we shall  now  show  with 
our  simplified  signal  models. 
From  equation (44) we obtain  the  expected  value  of  the 
estimator as 
The  complete  expression  is  obtained for our  simplified  signal 
* The negative  delay  implementation  was  more  suitable  for 
the  hardware  design. 
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model by u s i n g  e q u a t i o n  ( 4 1 )  i n  its e n t i r e t y .  Here w e  assume 
t h a t  PAT and q A T  are b o t h  small compared with a so t h a t  t h e  
pedastal terms c a n c e l  as w e l l  as t h e  s t e a d y  term. T h i s  leaves 
1 1  2 2 - -(-+ u @ ) ( ~ A T )  1 1  2 2 - 3 ( , c a , > ( p A r )  
a a2 cos wmpAr - e  COS WmqAT 1 
Now we r e q u i r e  t h a t  
P = 3q 
a n d  o b s e r v e  t h e  b e h a v i o r  o f  e q u a t i o n  (57)  n e a r  t h e  v a l u e s  of 
A T  s p e c i f i e d  by l e t t i n g  qAT be o n e  q u a r t e r  of t h e  s i g n a l  p e r -  
iod where  bo th  cos ine  terms w i l l  v a n i s h .  
q A T  = 2a/4wm = Tm/4 (59 )  
The  shape  o f  t he  term i n  braces is p l o t t e d  i n  F i g u r e  5 
u n d e r  t h e  a s s u m p t i o n  o f  many f r i n g e s  i n  t h e  probe volume 
( a  large) and low t u r b u l e n c e  (au sma l l ) .  Thus t h e  q u a n t i t y  
p l o t t e d  is s imply  
F i g u r e  5 i l l u s t r a t e s  t h e  expec ted  behavior  of the  accumula to r  
sum fo r  c h a n g e s   i n   t h e  mean s i g n a l   f r e q u e n c y  urn. I f  t h e   s y s -  
t e m  c l o c k  f r e q u e n c y  is changed t o  change AT, t h e n  t h e  r e s p o n s e  
is t h e   p r o d u c t   o f  0.r2 a n d  t h e  c u r v e  shown i n  t h e  f i g u r e .  The 
s h a p e  o f  t h e  c u r v e  is a f f e c t e d  b u t  t h e  zero c r o s s i n g  l o c a t i o n s  
are n o t .  
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S e l e c t i o n  o f  d e l a y  c o n s t a n t s . -  The t h e o r y  does n o t  
u n i q u e l y  s p e c i f y  t h e  r e l a t i o n s h i p  of A T  ( t h e  above  sys tem c l o c k  
p e r i o d )  t o  Tm t h e  s i g n a l  p e r i o d  b e c a u s e  q is n o t  s p e c i f i e d .  
For a g i v e n  v a l u e  of s i g n a l  p e r i o d ,  t h e  largest possible 
v a l u e  o f  A T  f o r  a n  acceptable nu.11 is when q = 1 and 
A T  = Tm/4.   This   p roduces  t h e  least  v a r i a b i l i t y  e r r o r  (as  w e  
w i l l  show)  and t h e  most b ias  e r r . o r  d u e  t o  time smear ( t h e  tri- 
a n g u l a r   w e i g h t i n g   f u n c t i o n   i n   e q u a t i o n  ( 2 4 ) .  The v a l u e  q = 1 
Tm 3 
also a l l o w s  t h e  h i g h e s t  s i g n a l  f r e q u e n c i e s  t o  be measured fo r  
a g i v e n  maximum s y s t e m   c l o c k   f r e q u e n c y .  The b ias  e r r o r s  c a n  
be reduced  a t  t h e  expense of  increased v a r i a b i l i t y  error and 
reduced  maximum s i g n a l  f r e q u e n c y  by u s i n g  q = 2, A T  = Tm/8 .  
I n  o r d e r  t o  f a c i l i t a t e  e x p e r i m e n t a l  r e s e a r c h ,  o u r  d e s i g n  f o r  a 
research i n s t r u m e n t  a l l o w s  s e l e c t i o n  o f  p and q o v e r  a wide 
r a n g e .  
STATISTICAL ERROR ANALYSIS 
I n t r o d u c t i o n  
The  two p r i n c i p l e  t y p e s  o f  e r r o r  which ar ise  i n  statis- 
t i c a l  measurements are b i a s  e r r o r ' a n d  v a r i a b i l i t y  e r r o r .  Bias 
e r r o r  is a term which refers  t o  t h e  d i f f e r e n c e  between t h e  
s t a t i s t i c a l  e x p e c t a t i o n  o f  t h e  measurement  system output  and 
t h e  desired ave rage   va lue   be ing   measu red .  The v a r i a b i l i t y  
e r r o r  is t h e  r m s  v a l u e  o f  t h e  random d e v i a t i o n  o f  a specific 
e x p e r i m e n t a l   r e s u l t   f r o m  t h e  s t a t i s t i c a l l y   e x p e c t e d   v a l u e .  For 
e rgod ic  r andom processes ,  t h e  v a r i a b i l i t y  e r r o r  c o n v e r g e s  t o  
z e r o  i n  t h e  l i m i t  o f  i n f i n i t e l y  l o n g  data c o l l e c t i o n  t i m e ;  b u t  
it c o n v e r g e s  t o  a n  acceptable l e v e l  (which must be d e f i n e d  i n  
t h e  measu remen t  ob jec t ives )  w i t h i n  a f i n i t e  measurement time. 
The bias  e r r o r  c a n n o t  be removed  by f u r t h e r  a v e r a g i n g  b u t  i t  
c a n  o f t e n  be removed  by a n a l y t i c a l  c o m p e n s a t i o n  o r  by e x p e r i -  
m e n t a l  c a l i b r a t i o n  when it is  small compared w i t h  t h e  d e s i r e d  
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q u a n t i t y .   I n   g e n e r a l ,   a n a l y s i s  of b o t h   t y p e s   o f  errors is 
r e q u i r e d  i n  a n y  s t a t i s t i ca l  measurement. 
There  are t h r e e  d i f f e r e n t  m e t h o d s  f o r  e v a l u a t ' i o n  of t h e  
s t a t i s t i ca l  errors of a measurement  system; these are: a n a l y s i s ,  
s i m u l a t i o n ,  and  experiment.   Appendix A p r o v i d e s   t h e o r y  for t h e  
h i g h e r  o r d e r  moments of inhomogeneous Poisson processes which 
w e  have expanded fo r  a p p l i c a t i o n  t o  the demonst ra t ion  of  con-  
c e p t s  i n  t h e  p r e v i o u s  s e c t i o n s  a n d  a n a l y s i s  o f  e r r o r s  i n  t h i s  
s e c t i o n .  The s t u d y   o f  t h e  t h e o r y  of P o i s s o n ' p r o c e s s e s  has a lso 
p r o v i d e d  t h e  c o n c e p t s  n e c e s s a r y  f o r  d i g i t a l  s i m u l a t i o n  of t h e  
LV s i g n a l s  a n d  t h e i r  d e t e c t i o n  b y  p h o t o n  c o u n t i n g  s y s t e m s .  
The concep t s  and  a FORTRAN computer program which w e  have 
developed  for  t h i s  s i m u l a t i o n  are p rov ided   i n   Append ix  B. The 
s i m u l a t i o n  p r o v i d e s  a method of i n v e s t i g a t i n g  s u c h  n o n l i n e a r  
e f fec ts  as  p r o c e s s o r  dead time a n d  c o u n t e r  s a t u r a t i o n  w h i c h  w e  
have n o t  y e t  b e e n  able t o  do w i t h  a n a l y s i s .  
B i a s  Errors 
The s o u r c e s  of b ias  e r r o r s  w h i c h  h a v e  b e e n  s t u d i e d  i n  
t h e  measurement  of mean f low are as f o l l o w s :   f r i n g e   n u m b e r ,  
t u r b u l e n c e  i n t e n s i t y ,  time smear ,   and dead time. 
F r i n g e  number and turbulence i n t e n s i t y . -  When t h e  number 
of f r i n g e s  N i n  t h e  probe volume is s m a l l ,  s u b t r a c t i o n *  of 
R X ( ~  = 3Tm/4) - R X ( ~  = Tm/4) is s l i g h t l y  n e g a t i v e  i n s t e a d  of 
z e r o .  The error becomes s i g n i f i c a n t   o n l y  for small v a l u e s   o f  
Nf The s i g n a l  f r e q u e n c y  estimate u s i n g  t h e  z e r o  c r i t e r i o n  
w i l l  be too small. We have  computed t h e  e r r o r  i n  p e r c e n t  i n  
t h e  f o l l o w i n g  m a n n e r .  
L e t  RX( 3 q A . r  ) - R h (  qA.r ) 4 $( q A . r  ) . For  large number of 
* 
T h i s  error p e r t a i n s  t o  t h e  d u a l  c o r r e l a t e  a n d  s u b t r a c t  
t e c h n i q u e .  
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f r i n g e s  ( N + m )  t h e n  $(qAT) = 0 when AT = - Tm 4 where Tm is t h e  
mean s i g n a l   p e r i o d .  When N < a ,  t h e n  
.. Rx(3Tm/4) - RA(Tm/4) = A E  = $ ( A T  = Tm/4) - < 0 ( 6 1 )  
. .  
The c0rrec.t v a l u e  of qAT f o r  $ ( S A T )  = 
a n d  t h e  f r a c t i o n a l  error E i n  a c c e p t i n g  $ ( q A . r )  = 0 as i n d i c a -  
t i o n  t h a t  qA.r = Tm/4 is approx ima te ly  
We have  eva lua ted  E f o r  v a r i o u s  l e v e l s  o f  p = rms t u r b u l e n c e /  
mean v e l o c i t y  a n d  f o r  Nf = number  of s t a t i c  o p t i c a l  f r i n g e s  i n  
l /e2 s i g n a l  w i d t h .  
The r e s u l t  o f  t h e  p a r a m e t r i c  c o m p u t a t i o n s  are p r e s e n t e d  
i n  two f o r m s  i n  F i g u r e s  6 and 7 .  From t h e  resul ts  w e  conc lude  
t h a t  t h e  bias  e r r o r  is n o t  v e r y  s e n s i t i v e  t o  t u r b u l e n c e  
i n t e n s i t y  a t  t h e  l e v e l s  shown. A first  order c o r r e c t i o n  inde -  
penden t .   o f   t u rbu lence  is t h u s  p o s s i b l e .  A s e c o n d   o r d e r   c o r r e c -  
t i o n  is p o s s i b l e  w i t h  o n l y  v e r y  i m p r e c i s e  estimates o f  t u rbu -  
l e n c e  i n t e n s i t y .  
T i m e  smear e r r o r  and  c o r r e c t i o n  t e c h n i q u e s . -  The pho tons  
r e p r e s e n t e d  by t h e  c o u n t  n k  a t  time kAr were i n  f a c t  smeared 
i n   o c c u r r e n c e  time o v e r  t h e  r a n g e  [ ( k - l / 2 ) A ~ ,  ( k + 1 / 2 ) A ~ l .  
The e f f e c t  of t h i s  is u s u a l l y  n e g l e c t e d  by  assuming A T  is small 
c o m p a r e d  w i t h  a n y  s i g n i f i c a n t  v a r i a t i o n s  i n  t h e  classical s i g -  
n a l .  T h i s  is n e v e r   t r u e   i n   t h e   m o s t   d i f f i c u l t   e x p e r i m e n t a l  
cases w h e r e  t h e  e l e c t r o n i c  s p e e d  l i m i t a t i o n s  f o r c e  A T  t o  be a n  
a p p r e c i a b l e   f u n c t i o n  of t h e  s i g n a l  p e r i o d  Tm. The r e s u l t  pro- 
v ided  i n  e q u a t i o n  ( 2 4 )  f o r  p h o t o n  c o r r e l a t i o n  i n c l u d e d  t h e  time 
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smear effect i n  t h e  t r i a n g u l a r  f u n c t i o n  A which  convolves  w i t h  
t h e  a u t o c o r r e l a t i o n  o f '  t h e  classical  s i g n a l .  After. e q u a t i o n  
( 2 6 )  t h e  t r i a n g u l a r  f u n c t i o n  was t r e a t e d  as a d e l t a  f u n c t i o n ,  
i . e . ,  i n  t h e  l i m i t  of small A T , :  
and e q u a t i o n  ( 2 7 )  r e s u l t s  f r o m  t h e  c o n v o l u t i o n .  
Now, i f  w e  do  not  make t h e  limit assumpt ion ,*  w e  note 
t h a t  t h e  effects  of  t h e  t r i a n g l e  f u n c t i o n  are e a s i l y  d i s p l a y e d  
i n  t h e  frequency  domain:  From Bracewell [241 w e  have t h e  rela- 
t i o n s h i p  . 
where 
s i n c  ( f A - c )  = . r r fAT s i n  m f A - r  
T h i s  F o u r i e r  t r a n s f o r m  r e l a t i o n s h i p  is i l l u s t r a t e d  i n  F i g u r e  8. 
The c o n v o l u t i o n  t h e o r e m  o f  F o u r i e r  t r a n s f o r m  theo ry  a s s u r e s  u s  
t h a t  i n  t h e  f requency  domain,  t h e  effect  of t h e  c o n v o l u t i o n  i n  
e q u a t i o n   ( 2 4 )  is a p r o d u c t .   I w o t h e r   w o r d s ,  t h e  f r equency  
s p e c t r u m  a s s o c i a t e d  w i t h  t h e  s i g n a l  c o r r e l a t i o n  b y  F o u r i e r  
t r a n s f o r m  is a t t e n u a t e d  by a low-pass f i l t e r  whose  form is 
s i n c  ( f A T ) .  T h i s  f u n c t i o n  is p l o t t e d  i n  F i g u r e  8c. As t h e  
f i g u r e  s h o w s ,  there is l i t t l e  a t t e n u a t i o n  when fmA.r=Ar/Tm=1/16 ,  
i . e . ,  when t h e  clock p e r i o d  is 1 / 1 6  of t h e  s i g n a l  p e r i o d .  F o r  
. ... ~ .~ . * "_ "_ ~ . " .. ~ ~ .. . - . " 
The effect  of time d i s c r e t i z a t i o n  is a s i n c  ( f ) t y p e  of 
low-pass f i l t e r .  T h i s  is similar t o  a r e s u l t  i n  o u r  p r e v i o u s  
work of  determing turbulence power spectra f rom randomly  t r i ed  
samples [ 2 3 ] .  
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S i g n a l  P a r t  o f  R A ( ~ )  
Weight ing 
F u n c t i o n s  
,Tm 
( a )  T r i a n g u l a r  W e i g h t i n g  F u n c t i o n s  c o r r e s p o n d i n g  t o  c h o i c e s  
f o r  A T  r e l a t i v e  t o  mean s i g n a l  p e r i o d .  ( i l l u s t r a t e d  a t  
d e l a y  l o c a t i o n s  f o r  D u a l  C o r r e l a t e  A p p r o a c h )  
(b) F o u r i e r  t r a n s f o r m  r e l a t i o n s h i p  of h and s i n c 2  f u n c t i o n  
* sinc '  ( fmAr)  
I 
I 
1 p AT/T = f A T  
1 1  I 1 1 1 . 0  - 
16 4 
- 
2 
(c )  Low Pass F i l t e r  e f f e c t  of A T  s e l e c t i o n .  
F i g u r e  8. Time  Smear E f f e c t s   o f   F i n i t e  A T .  
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very  low t u r b u l e n c e  a n d  a large number  of  f r inges  Nf ,  t h e  
s igna l  spec t rum wou ld  be small i n  w i d t h  a n d  A T  c o u l d  be made 
as large as Tm/2.*  However, f o r  v a l u e s  o f  Ar > Tm/8 w e  see 
t h a t  a c o r r e c t i o n  o f  t h e  v e l o c i t y  p r o b a b i l i t y  d e n s i t y  f u n c t i o n  
cou ld  be u s e f u l  f o r  a l l  b u t  v e r y  small t u r b u l e n c e  l e v e l s .  
Such a c o r r e c t i o n  w o u l d  b e  e f f e c t e d  b y  m u l t i p l y i n g  t h e  t r a n s -  
form of  t h e  c o r r e l a t i o n  estimate by l / s i n c 2  ( A . r f )  p r io r  t o  
f i n a l  data i n t e r p r e t a t i o n .  
Dead time effects.-  No p h y s i c a l l y  realizable photo- 
d e t e c t o r  a n d  e l e c t r o n i c  c o u n t e r  c o m b i n a t i o n  c a n  be c o n s t r u c t e d  
wi thou t  some dead time; i . e . ,  a p e r i o d  o f  time f o l l o w i n g  a 
t h r e s h o l d  c r o s s i n g  b y  t h e  a n a l o g  p h o t o d e t e c t o r  v o l t a g e  wave- 
form d u r i n g  which no a d d i t i o n a l  c r o s s i n g  e v e n t s  w i l l  be 
coun ted .   Th i s  dead time is t y p i c a l l y   1 0   n s e c  for  commercial  
p h o t o n  d i s c r i m i n a t o r  c i r c u i t s  a t  t h e  time of t h i s  w r i t i n g .  
There  is no fundamental  reason why t h i s  cannot  be r e d u c e d  t o  
less t h a n  5nsec w i t h  t h e  fas tes t  p h o t o m u l t i p l i e r  t u b e s  a n d  
c o u n t i n g  c i r c u i t s  now a v a i l a b l e .  We w i l l  a l s o  d i s t i n g u i s h  two 
o t h e r   t y p e s   o f   c o u n t i n g  dead time. The first of these is 
" p u l s e  p i l e  upf f  i n  which t h e  pho tode tec to r  ana log  wavefo rm 
remains above t h e  t h r e s h o l d  l e v e l  d u e  t o  there be ing  more t h a n  
o n e  p h o t o e l e c t r o n  e v e n t  w i t h i n  t h e  p u l s e  r e s p o n s e  time o f  t h e  
p h o t o   d e t e c t o r .  The re  is a l s o  a brief i n t e r v a l  d u r i n g  t h e  
p e r i o d i c  c o u n t i n g  i n t e r v a l  d u r i n g  which t h e  c o u n t e r  is be ing  
reset and is n o t  a v a i l a b l e .  T h i s  is t rue   even   when . ' two   coun te r s  
are u s e d  a l t e r n a t e l y ,  since a small g u a r d  i n t e r v a l  is r e q u i r e d  
t o  keep   bo th   coun te r s  from c o u n t i n g  t h e  same e v e n t .  P r a c t i c a l  
d e a d  i n t e r v a l s  T~ may be on t h e  o r d e r  of 2 n s e c  o r  less.  
* 
T h i s  limit cou ld  be z ic tua l ly  exceeded  because  t h e  
sampl ing  theorem rea l ly  refers t o  bandwidth ,  no t  maximum fre- 
quency;  however, t h e  a t t e n u a t i o n  w o u l d  t h e n  b e  s e v e r e .  
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The  counter  dead i n t e r v a l ' T r  w i l l  be c o n s i d e r e d  f i r s t  
s i n c e  it is t h e  simplest. To f i r s t  o r d e r  i t  c a n  be n e g l e c t e d ,  
b u t   c o r r e c t i o n   i n   t h e   f o r m u l a s  is  s i m p l e .  I t  is only   neces-  
s a r y  t o  replace A T  by A T - T ~  i n  t h e  t h e o r e t i c a l  f o r m u l a s  w h e r e  
t h e  A T  r e f e r s  t o  t h e   c o u n t i n g  w i d t h .  The  amount of d e l a y  
r ema ins   equa l  t o  some i n t e g e r  m u l t i p l e  o f  A T .  A s  a s i m p l e  
example  the  mean v a l u e  o f  nk be'comes < X ( t ) > ( A T - - ' C r )  i n s t e a d  o f  
< X ( t ) > A . c .  
The e f f e c t s  o f  p u l s e  p i l e  up are least known f o r  t h e  
p h o t o n - l i m i t e d   s i g n a l  cases. For h ighe r   pho ton  rates t h e  PMT' ' 
analog waveform w i l l  gene ra l ly  r ema in  above  the  pho ton  coun t ing  
t h r e s h o l d   a n d  so  p r o d u c e   n o   c o u n t i n g   e f f e c t s .   T h e   p u l s e   p i l e  
u p  e f f e c t s  c a n  be s t u d i e d  w i t h  t h e  p r e s e n t  s i g n a l  s i m u l a t i o n  
program (see Appendix B )  when a more complete processor simu- 
l a t i o n   s u b r o u t i n e  is c o m p l e t e d   i n   t h e   f u t u r e .  A t  p r e s e n t  t h e  
p h o t o n  p r o c e s s o r  s i m u l a t i o n  is i d e a l i z e d  so t h a t  d i s c r e t i z e d  
p h o t o e l e c t r o n  e v e n t  times are  u s e d  d i r e c t l y  w i t h o u t  s y n t h e s i s  
of  t h e  PMT anode waveform and a t h r e s h o l d  c r o s s i n g  c i r c u i t  
model. 
The e f f e c t s  o f  d i s c r i m i n a t o r  d e a d - t i m e  e f fec ts  have  been 
p r e s e n t e d  a n a l y t i c a l l y  b y  Jakeman* fo r  t h e  case of  Gaussian 
o p t i c a l  e l e c t r i c  f i e l d  statist ics.  We have   no t   ye t   ex t ended  
t h e  t h e o r y  t o  t h e  s i n g l e - p a r t i c l e  LV s i g n a l  s i t u a t i o n  ( n o n -  
G a u s s i a n  f i e l d  s t a t i s t i c s )  and   can   of fe r   no   improvement   ana ly t i -  
c a l l y  here ove r   J akeman ' s   r e su l t s .   However ,  w e  d i s p u t e  J a k e m ' s  
c o n c l u s i o n * t h a t  i n  p r a c t i c e  dead time errors are n o t  a s e r i o u s  
l i m i t a t i o n   o f   p h o t o n   c o r r e l a t i o n .  The s e r i o u s n e s s   o f   t h e  
e f f e c t  is demonst ra ted  below u s i n g  t h e  c o m p u t e r  s i m u l a t i o n  pro- 
gram prov ided  in  Append ix  B. 
. .  
We have   s imula t ed  a w i n d   t u n n e l   i n s t r u m e n t a t i o n  
e x a m p l e  w i t h  t h e  c o n s t a n t s  g i v e n  i n  T a b l e  1. The r e s u l t s  are 
- * Page  116,   [121.  
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Theory  Program 
Symbo 1 N a m e  Value D e s c r i p t i o n ’  
T 
cnk 
<x .> 
J 
1 / R  
a f i  
*m 
A T / A t  
A b  = 0 
‘d/ At 
A t  
AT 
TTOT 
MNTOT 
KMAX 
AFAC 
HIGH 
LOW 
I R2 
TB 
THEORY 
MAXC 
D 
CON 
AME 
FO 
I T A U  
I P  
WAVE 
CONST 
DEAD 
DT 
DT*ITAU 
ONE 
l ~ - ~ ~ ~ ~  
3 x  IO 
480 
10  /sec 7 
10  
0 . 1  
4 
5 x 
TRUE 
3 
lo3  
8 x  10”irsec 
3 
1 . 0  
6 . 2 5 ~  10  H z  
4 
6 
20 
TRUE 
FALSE 
0 ,192 ,394  
5 n s e c  
20 n s e c  
FALSE 
Total  time limit 
P h o t o e l e c t r o n  limit 
Number of  At’s p e r  b u r s t  
Mean p e a k  p e d a s t a l  ra te  
Max X = High <X .> 
j 3 
Min X = Low .<X . >  
j J 
X = AFAC (not  random) 
Mean time be tween  bu r s t s  
L o g i c a l :   S e l e c t s   i d e a l  
Maximum count  of  processor  
( h i g h  t o  a v o i d  l i m i t a t i o n  
l / e2  h a l f  w i d t h  o f  b u r s t s  
D CON = Total  b u r s t  w i d t h  
Burst  modulat ion index 
S igna l   f r equency  
Ratio o f  p r o c e s s o r  r e s o l u -  
t i o n  t o  s i m u l a t i o n  r e s o l u -  
t i o n  
Maximum c o r r e l a t i o n  d e l a y  
Log ica l :   T rue=Burs t s   p re sen t  
Background:  True=Xb  present 
Dead time i n  A t  u n i t s  
S i m u l a t i o n  r e s o l u t i o n  
i n t e r v a l  
P r o c e s s o r  r e s o l u t i o n  
i n t e r v a l  
Logical :   Time=Dual   Correlate  
j 
p r o c e s s o r  
h e r e )  
TABLE 1. PARAMETER  SELECTIONS  FOR DEAD TIME SIMULATION. 
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p l o t t e d  i n   F i g u r e  9. For   comparison,  t h e  f i g u r e  a l s o  shows 
t h e  theoretical  expec ted  va lue  o f  t h e  accumula tor  sums a s  
predicted by the f o l l o w i n g   e q u a t i o n s .  We u s e  t h e  v a l u e s  i n  
Table 1 w i t h  e q u a t i o n s  ( 4 0 ) ,  ( 4 1 )  and (44 )  t o  o b t a i n  t h e  
mean l e v e l  < X (  t )> as 
<x> = 2.005 x 1 0   p h o t o e l e c t r o n s / s e c  6 ( 6 6 )  
T 2 - 
A 
<M >=  8 0 . 4 + 2 8 3 . 6  ( l + z  cos27rfmr)e 1 2 ( 5 . 6 6 x   1 0 - 7 ) 2  (67) 
P 
where 
= 6 . 2 5  x 10  H z  6 f m  
From F igure  9 it is clear tha t  f o r  dead times which are an  
appreciable f r a c t i o n  o f  t h e  clock i n t e r v a l ,  there w i l l  be d i s -  
t o r t i o n  of t h e  c o r r e l a t i o n  f u n c t i o n s .  T h i s  does n o t   a p p e a r   t o  
be a problem f o r  A T  = Tm/8 excep t  a t  t h e  f irst  de lay  v a l v e  and a 
general  a m p l i t u d e   r e d u c t i o n   b u t   f u r t h e r   s t u d y  is needed. The dead 
time effect is s e e n  t o  s e r i o u s l y  affect  t h e  first d e l a y ;  t h i s  
w i l l  s e r i o u s l y  affect  t h e  d u a l  correlate approach if A T  = Tm/4. 
V a r i a b i l i t y  E r r o r  
I n  t h i s  sect ion w e  d e r i v e  f o r m u l a s  fo r  t h e  f r a c t i o n a l  r m s  
e r r o r  o f  a mean flow measurement w i t h  a d u a l  c o r r e l a t e  a n d  s u b -  
tract  system i n  terms of t h e  mean photon rate and t h e  s y s t e m  
response ( i n t e g r a t i o n )  time. We assume tha t  t h e  accumulator  
sum is  z e r o  a f t e r  summing f o r  t o t a l  time T. T h i s  implies that  
t h e  c lock  f r equency  is i n  e r r o r  by an  amoun t  r equ i r ed  to  cancel 
a random ( f i n i t e  time) v a r i a b i l i t y  e r r o r  i n  t h e  accumula tor  sum. 
These compensat ing errors are assumed small so t h a t  a p e r t u r b a -  
t i o n  may be used .  
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F i g u r e  9 .  S i m u l a t e d   E f f e c t s  of Dead T ime  o n  
P h o t o n  C o r r e l a t i o n .  
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An  error  in  the  accumulator  sum  is  equivalent to an 
error cT in  the  estimation  of one quarter  of  the  mean  signal 
obtained  by  dividing  by  the  slope of the  discriminator  function 
where A(T) is an  abbreviation  for <i > given  earlier  in  equa- 
tion (56) and (57). The fractional  error E in  estimating  the 
period Tm is thus 
Pq . 
This is the  same  form  as  equation (62)  with  the  only  difference 
being  the  type  of  error.  We  proceed  by  obtaining  a  simplified 
expression  for A(Tm/4) by  neglecting  the  Gaussian  exponentials 
in  equation."(57);  Evaluation  of  the  derivatives  gives 
The quantity  is  the  rms  deviation of the  accumulator  value 
M after  data  collection  time T. The evaluation  of  this 
quantity  is  discussed  in  Appendix C and  the  result fo r  cases 
where  the  steady  background  light is larger  than  the  signal is 
obtained. For this  case  we  have 
Pq 
* 
E = J m  X b A ~  A 
When  these  results  are  combined we have  the  fractional  error 
in  the  velocity  estimate  given  by 
P 
*This is simpler  to.  evaluate  than  the low background 
case  and  gives  a  bound on the  time  required to produce  a  given 
error  in  cases  where  the  background  is  less. 
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where 
A b  = background  pho toe lec t ron  rate >> s i g n a l  rate 
2 
a = b u r s t  l / e  ha l f  w i d t h  
<X.> = mean s q u a r e  p e a k  p e d a s t a l  b u r s t  a m p l i t u d e  
J ( p h o t o e l e c t r o n  ra te )  
R = ra te  o f  o c c u r r e n c e  o f  b u r s t s  
T = t o t a l  time = NAT 
ADVANCED PHOTON  PROCESSOR  FOR 
TURBULENCE TIME STATISTICS 
I n t r o d u c t i o n  
I n  t h i s  s e c t i o n  w e  p ropose  and a n a l y s e  a pho ton-p rocess ing  
scheme fo r  e s t i m a t i o n  of t h e  t e m p o r a l  a u t o c o r r e l a t i o n  o f  t h e  
time v a r y i n g  v e l o c i t y  f l u c t u a t i o n s .  P a r t  o f  t h e  bas i s  f o r  t h i s  
is t h e  fact  t h a t  t h e  f r e q u e n c y  d i s c r i m i n a t o r  characterist ic of 
F i g u r e  5 a p p l i e s  n o t  o n l y  t o  t h e  l o n g  time ave rage  o f  t h e  d u a l  
c o r r e l a t e   a n d   s u b t r a c t  sum M b u t   a l s o   i n s t a n t a n e o u s l y   i n  a 
c o n d i t i o n a l  s t a t i s t i c a l  s e n s e .  We may t h e r e f o r e   t u n e  A T  t o  t h e  
v a l u e  which centers t h e  long- te rm average  a t  t h e  z e r o  o f  t h e  
f r equency  charac te r i s t ic  and t h e n  o b t a i n  s h o r t  p e r i o d i c a l l y  
o c c u r r i n g   a c c u m u l a t i o n s   o f  fi w h o s e   c o n d i t i o n a l   e x p e c t e d  
Pq 
v a l u e s   f o l l o w  t h e  v e l o c i t y  d e v i a t i o n .  Even when t h e  pho toe lec -  
t r o n  ra te  is small, t h e  c o r r e l a t i o n  o f  t h e  v e l o c i t y  f l u c t u a t i o n s  
may t h e n  b e  o b t a i n e d  b y  c o n v e n t i o n a l  d i g i t a l  c o r r e l a t i o n  o f  
t h e   s e q u e n c e   o f   s h o r t  time fi 's.  
Pq 
Pq 
We d e f i n e  here AT a s  a p e r i o d  greater t h a n  A T ,  t h e  
p r o c e s s o r  c o u n t i n g  i n t e r v a l ,  a n d  less t h a n  t h e  s i g n i f i c a n t  
times of   change  of  t h e  t u r b u l e n t  f l u c t u a t i o n s .  The q u a n t i t y  
L n  
is a sum o v e r  t h e  i n t e r v a l  [ ( n - l ) A T  < t < nAT] of  mk 
d e f i n e d  i n  e q u a t i o n  (55) as  
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i . e .  3 Mpqn 
n 
= fi over t h e  n t h  AT i n t e r v a l .  We w i l l  c o n s i d e r  
P9 
a n   a u t o c o r r e l a t i o n  estimate of t h e  a sequence :  Pqn 
N, -i 
We w i l l  show t h a t  t h e  e x p e c t e d  v a l u e  of t h i s  s e q u e n c e  c o n t a i n s  
t h e  shape of t h e  t u r b u l e n c e  a u t o c o r r e l a t i o n  f u n c t i o n  u n d e r  
c e r t a i n   c o n d i t i o n s .   F u r t h e r  it a p p e a r s  t h a t  t h e  magnitude of 
t h e  t u r b u l e n c e  i n t e n s i t y  may be ob ta ined  by  a n o r m a l i z a t i o n  
p rocedure  which w i l l  be d i s c u s s e d .  
S p e c t r a l  A n a l y s i s  o f  Randomly  Sampled S i g n a l s  
Cont inuous   Funct ions . -   In   our   p rev ious   deve lopment  1231 
w e  showed t h a t  c o r r e l a t i o n s  a n d  f r e q u e n c y  p o w e r  spectra can  
be obtained from randomly timed discrete samples of a v e l o c i t y  
component u ( t )  where t h e  sampl ing  f u n c t i o n  z ( t )  is a uni form 
Poisson   impulse  process. The same p r i n c i p l e s  may be general- 
i z e d  t o  t h e  p resen t  more  complicated data  p rocess ing  p rob lem.  
F i r s t ,  l e t  us assume tha t  a c o n t i n u o u s  s i g n a l  s ( t )  is a v a i l a b l e  
such  t h a t  
where u ( t )  is a zero-mean t ime-varying veloci ty  component  
d e v i a t i o n  from t h e  mean component  and t h e  random process 
x (  t )  is a f i l tered P o i s s o n  shot  n o i s e  p r o c e s s  (see Appendix A )  
s t a t i s t i c a l l y  i n d e p e n d e n t  of u ( t ) :  
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(77) " 
Here f ( t )  is a l o w - p a s s  i m p u l s e  r e s p o n s e  f u n c t i o n ,  t h e  T.'s' 
are random occurrence times which obey a s t a t i o n a r y  P o i s s o n  
law, and t h e  b . ' s  are e q u a l l y - d i s t r i b u t e d  s t a t i s t i c a l l y -  
independent   random  ampli tude variables.  T h e   f u n c t i o n s  are 
i l l u s t r a t e d  i n  F i g u r e  , lo.  From t h e  p r o p e r t i e s  of P o i s s o n  
processes we know t h a t  i f  f ( t )  is a p o s i t i v e  f u n c t i o n ,  t h e n  
R,(T) = < x ( t ) x ( t + . r ) >  is a p o s i t i v e  f u n c t i o n  and, making  use 
of t h e  independence  assumpt ion  
J 
J 
We o b s e r v e  t h a t  t h e  z e r o  v a l u e  o f  R (T) is t h e  normal ized  
2 P m e a n - s q u a r e   t u r b u l e n c e   i n t e n s i t y  <p >. F i g u r e  10 i l l u s t r a t e s  
t h e  fact  t h a t  when t h e  d u r a t i o n  o f  t h e  pedastal  c o r r e l a t i o n  is 
small compared w i t h  t h e  d u r a t i o n  of t h e  v e l o c i t y  c o r r e l a t i o n ,  
t h e  v a l u e  <p > may be obtained approx ima te ly  from R (T) where T 
is small b u t  greater t h a n  t h e  p e d a s t a l   d u r a t i o n .  If t h e  tu rbu-  
l e n c e  i n t e n s i t y  is o b t a i n e d  i n  some o the r  manner ,  w e  may theo-  
r e t i c a l l y  o b t a i n  t h e  shape of  R ( T )  e v e n  w i t h o u t  o b t a i n i n g  
P 
R x ( ~ ) ,  e x c e p t  i n  t h e  v i c i n i t y  o f  T = 0 ,  s i n c e  R x ( ~ )  = c o n s t a n t  
elsewhere. 
2 
P 
We may e x t e n d  t h e  a b o v e  r e a s o n i n g  t o  t h e  s i t u a t i o n  where 
two sets of p r o c e s s e s  are a v a i l a b l e  
So l o n g  as x1 and  x2 are independent  of p1 and  p2, t h e n  
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Figure 10. Random  Sampling  Waveforms  and 
Correlation .Functions. 
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a n d  t h e  cross c o r r e l a t i o n  R ' ( T )  may be o b t a i n e d  by d i v i s i o n  P.12 
The f r equency  power  spec t r a  are F o u r i e r  t r a n s f o r m s  o f  t h e  
c o r r e l a t i o n  f u n c t i o n s .  
Sampled Data Estimates.- I n  t h e  p r e c e d i n g ,  w e  assumed 
s(t) a n d  x x t )  were cont inuous and computed s ta t i s t ica l  corre- 
l a t i o n   f u n c t i o n s .  We now s u p p o s e   t h a t   r e a l - v a l u e d  discrete 
samples Sn and Xn o f  s ( t )  a n d  x ( t )  are t a k e n  a t  u n i f o r m  i n t e r -  
v a l s  AT which are small c o m p a r e d  w i t h  t h e  d u r a t i o n  o f  t h e  
random  sampling  pulse  f ( t )  a n d   c o r r e l a t i o n  time of  p ( t ) .  We 
may f o r m  d i s c r e t e  estimates of  R s ( r )  and R x ( - r )  a t  T = iAT by 
computing a f i n i t e  time ave rage ,  fo r  example  
N,- i 
A l Z  
Rs( iAT)  = - N t - i  n = l  'nSn+i 
where NtAT is t h e  a c c u m u l a t i o n  time T a n d  t h e  e x p e c t e d  v a l u e  
is 
<ES(iAT)> = R,(T = iAT)  (83)  
I f  such  estimates are fo rmed  fo r  Rx and Rs, t h e n  w e  may form 
an  estimate f o r  R (T) by d i v i s i o n :  
P 
R ( i A T )  k f i s ( iAT) /Ex(  iAT)  A 
P 
( 8 4 )  
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This procedure  does  not  insure  that <R (iAT)> is an  unbiased 
estimate  but  it  becomes one in  the  limit  of  sufficiently  long 
accumulation  time  when the numerator  and  denominator  converge 
to  their  respective  expected  values. 
P 
Conditional ~~ Expectation  Again.- The problem  is'still 
more complicated: Because we do  not  have the  classical  optical 
signal A(t) available  for  direct  observation, we cannot  form 
x(t) and  s(t),.or even X, and S,,. We will  process  the  fast 
photon-counting  sequence  nk  to  obtain  discrete-valued  sequences 
*xn and Msn whose  conditional  expected  values  given X(t) are 
proportional to.Xn and Sn. 
We  thus  have an estimate fis(iAT) defined  not by equation 
(82), but  by 
Nt-i 
2^ C Rs(iAT) = - 1 ~ ~ - i  n=l 1 MsnMs(n+i) (85) 
The expected  value of the  estimate is 
= C Rs (iAT) 2 
where  C2  is the proportionality  constant. This result  depends 
on  the  fact  that  given X(t) the  discrete  random  variables 
Msn and Ms(n+i> 
sequence  n  are  conditionally  independent. This follows  from 
the  fact  that  nk is  Poisson  counting  process. 
formed  from  non  overlapping  portions f the 
k 
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I n  e q u a t i o n  (86) t h e  n o t a t i o n  <xlX> deno tes"expec ted  
v a l u e  of x g i v e n  X" and w e  made u s e  of t h e  fact  t h a t  t h e  uncon- 
d i t i o n a l  e x p e c t a t i o n  may be o b t a i n e d  i n  t w o  steps: first,  w i t h  
respect t o  x g i v e n  X ;  t h e n  w i t h  respect t o  X .  
A p p l i c a t i o n  t o  P h o t o n  P r o c e s s i n g  of 
T u r b u l e n c e  C o r r e l a t i o n  
I t  remains  for u s  t o  i d e n t i f y  m e a s u r a b l e  q u a n t i t i e s  w i t h  
t h e  p r o p e r t i e s  a t t r i b u t e d  t o  Msn and Mxn a b o v e  a n d  t o  describe 
a means of  implementa t ion .  
C o n d i t i o n a l  f r e q u e n c y  d i s c r i m i n a t o r . -  We now r e c o n s i d e r  
t h e  e s t i m a t o r   d e f i n e d  i n  e q u a t i o n s  (54) a n d  (55) .  We 
restrict o u r s e l v e s  t o  t h e  s i g n a l  m o d e l  g i v e n  i n  e q u a t i o n s  (30) 
and  (38) w i t h *  A b  = 0 and  w i t h  r a r e l y  o v e r l a p p i n g  b u r s t s ;  
i . e . ,  a<< l /R .  T h i s  is t h e  " l o w   d e n s i t y "   s h o t  noise  case d i s -  
cussed  by P a p o u l i s   [ l o ] ,  page 574. For   " low  dens i ty"   sho t  
n o i s e  w e  may u s e  t h e  approximat ion  t h a t  1101 i f  
Pq 
S(t) = Ch(t - T ~ )  
t h e n  
w i t h  these c o n s t r a i n t s  w e  o b t a i n  
I h ( t ) >  = A T  X ( t ) X ( t  - P A T )  2 <"knk-p 
+ 1 cos p w . A ~ )  2 J 
* 
The Ab. = 0 assumpt ion  does  not  affect  t h e  r e s u l t  d u e  t o  
t h e  s u b t r a c t i o n .  
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I n  e q u a t i o n  (89) t h e  p r o d u c t  o f  c o s i n e  terms has been expanded 
as sum a n d  d i f f e r e n c e  f r e q u e n c y  terms, a n d  t h e  d e l a y  P A T  h a s  
b e e n  n e g l e c t e d  i n  t h e  e n v e l o p e  f u n c t i o n  f ( t ) .  W i t h  mk d e f i n e d  
by  equat ion  (55) w e  may d e t e r m i n e  < m k l X ( t ) >  from t w o  sets of  
terms l i k e   t h a t   i n   ( 8 9 ) .  We t h e n   d e t e r m i n e  <i > as 
Pqn 
h nL 
f ( t  - T . )  [COS P W . A T  2 2  
3 J 
- COS qw.AT1 + [Band p a s s  term4 3 
where 
L = AT/AT (91 )  
I n  t h e  r i g h t  h a n d  s i d e  o f  t h i s  e q u a t i o n  t h e  sum is r e p l a c e d  by 
a time i n t e g r a l   w h i c h  it approx ima tes .   S ince  AT is long  com- 
p a r e d  w i t h  t h e  D o p p l e r  p e r i o d ,  t h e  b a n d p a s s  terms a v e r a g e  t o  a 
small va lue ;  however ,  s ince AT w a s  assumed  short   compared  with 
t h e  b u r s t  e n v e l o p e  d u r a t i o n ,  t h e  i n t e g r a l  d o e s  n o t  s m o o t h  t h e  
f i r s t  e x p r e s s i o n  i n  t h e  r i g h t  hand s ide  of (90) .  T h e  r e s u l t  
is t h e r e f o r e  
m 
1 X .  f ( t  - T . ) [ C O S  PATW - COS qATw .] ( 9 2 )  <i > = -  ATAT 2 2  
Pqn 2 j = - w  J J j J 
ATAT = -  
2 A2Rp(t)[cos  pA.rw(t)  - c o s   q A ~ w ( t ) ]  
I 
By p r o p e r  selection of  a h i g h  s p e e d  d i g i t a l  c l o c k  p e r i o d ,  
A T ,  t h e  s e q u e n c e  2 approx ima tes  the  sequence  fisn d e s c r i b e d  
Pqn 
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above f o r  c e r t a i n  v a l u e s  of t h e  i n t e g e r s  p ' a n d  q .  For other  
choices of p and  q the sequence  fi approx ima tes  t h e  sequence  Pqn 
'xn . T h u s ,   v e l o c i t y   c o r r e l a t i o n s  may be o b t a i n e d  by s imul-  
t a n e o u s l y  d u p l i c a t i n g  t h e  computa t ions  of (73) w i t h  t w o  differ-  
e n t  sets of i n t e g e r s  p and q ,  and  then  p roceed ing  w i t h - s b f t -  
ware p r o c e s s i n g  of the two sequences  Edsn and  Mxn. To show 
t h i s  l a s t  l i n k  i n  t h e  p r o c e d u r e  w e  examine t h e  cosine differ-  
e n c e  term i n  (92) .  For  t h e  Msnsequence w e  select p and q and 
a d j u s t  t h e  variable A T  t o  t h e  c o n d i t i o n s  g i v e n  p r e v i o u s l y  f o r  
t h e  mean f r equency  discriminator i n  e q u a t i o n s  (58) and  (59) .  
Example s e l e c t i o n s  f o r  p ,  q and A T  are 3 , 1 , T m / 4 ;  6 , 2 , T m / 8 ;  
12 ,4 ,Tm/16;  where Tm = 2a/wm is i n v e r s e  of t h e  mean s i g n a l  
f requency .   Expans ion   of  t h e  bracketed c o s i n e  term i n  (92) 
g i v e s  
[cos ~ A T U  - cos ~ A T w . ]  = 
j J 
where w e  have  used  t h e  s u b s t i t u t i o n s  
AU = U  - W  
j j m 
1 cos [k ( u m + A w . )  3 = s i n ( '  j) ~ I T A U  2Um 
1 I T A W  (urn + A u . )  J = -sin(- j) 2Um 
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Equa t ion  (94) was shown p l o t t e d  i n  F i g u r e  5 s i n c e  it is also 
t h e  approximate  long- t ime average f r e q u e n c y  t r a n s f e r  charac- 
ter is t ic  f o r  t h e  mean flow measurement. The t r i g o n o m e t r i c  
s u b s t i t u t i o n s  a l o n g  w i t h  t h e  small a n g l e  a p p r o x i m a t i o n  s i n  6 2 0 
show t h a t  fo r  small t u r b u l e n c e   l e v e l s ,   e q u a t i o n   ( 9 2 )  becomes 
Where p(  t ) Au . /u rn  du r ing  non-ze ro  po r t ions  of X ( t  ) . 
J 2P 
Normalizing sequence.-  Under t h e  same s e l e c t i o n  of AT as  
i n  (93) b u t  w i t h  
pwrnA.r =   TI (97) 
a d i f f e r e n t  effect is obta ined .   For   example ,  i f  Msn is o b t a i n e d  
w i t h  p =  3,  q = l  and w e  l e t  p = 4 ,  q =  2 i n  comput ing  M x n ,  t h e  
r e s u l t  c o r r e s p o n d i n g  t o  (94) is 
The  sma l l - ang le  approx ima t ion  fo r  t h e  c o s i n e  f u n c t i o n  is u n i t y ,  
so t h e  r e s u l t  c o r r e s p o n d i n g  t o  ( 9 6 )  is 
When w e  n o t e  t h a t  Au./wm = u . /  a and that t h e  ATAT term c a n c e l s  
b y  d i v i s i o n ,  w e  see from e q u a t i o n s  (96),  (99) and (86) t h a t  
t h e  a u t o c o r r e l a t i o n  of M d i v i d e d  by t h e  a u t o c o r r e l a t i o n  of Mxn 
p roduces   approy ima te ly  r < u ( t ) u ( t  + . r ) > / D 2 .  E x c e p t   f o r  a fac- 
J J 
En 
tor  of C = n , the r e s u l t  is n o r m a l i z e d  i n  s u c h  a manner t h a t  2 2 
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f r a c t i o n a l  m e a n - s q u a r e  t u r b u l e n c e  i n t e n s i t y  is d i rec t ly  o b t a i n -  
able from t h e  first lag v a l u e  of the f i n a l  a u t o c o r r e l a t i o n  
estimate or a p r o j e c t i o n  back t o  t h e  zero delay v a l u e .  (The 
a n a l y s i s  w e  have  p resen ted  is n o t  v a l i d  f o r  t h e  zero de lay  
v a l u e   w i t h o u t  separate c o n s i d e r a t i o n .  I t  is possible  tha t  cer- 
t a i n  effects w i l l  c a n c e l  a n d  c a u s e  t h i s  t o  be a v a l i d  p o i n t  
also. ) 
Practical c o n s i d e r a t i o n s . -  The approach  ou t l ined  above  
fo r  n o r m a l i z a t i o n  w o u l d  r e q u i r e  a s  much hardware t o  measure t h e  
Mxn sequence as t h e  M s e q u e n c e .   I n   a d d i t i o n ,  t h e  small a n g l e  
approximation which was applied t o  (98) is n o t  v a l i d  o v e r  a 
ve ry  large range  of v e l o c i t y  d e v i a t i o n .  We have  conceived two 
other  less expens ive  approaches. The first of these consis ts  
of e l i m i n a t i n g  t h e  second Mxn channel  completely and r e l y i n g  on 
t h e  fac t  that  t h e  shape of t h e  c o r r e l a t i o n  R (T) is approximated 
by correlating Msn e x c e p t  i n  t h e  v i c i n i t y  of a b u r s t  d u r a t i o n  
from t h e  delay o r i g i n .  If it were desirable t o  normalize t h e  
f u n c t i o n  a t  t h e  rest of t h e  de lay  l o c a t i o n s ,  w e  c o u l d  e v a l u a t e  
t h e  r e q u i r e d  d i v j l s i o n  c o n s t a n t  as 
s n  
P 
where w e  have already d i s c u s s e d  a possible  estimate f o r  <X ( t ) >  
i n  e q u a t i o n  ( 4 6 ) .  E i t h e r  t h i s  estimator o r  t h e  Mxn approach 
described above  could  be computed w i t h  a s i n g l e  channe l  elec- 
t r o n i c  s y s t e m  by e l e c t r o n i c a l l y  s w i t c h i n g  t h e  delay v a r i a b l e s  
2 
p and q and s t o r i n g  t h e  {fi 1 sequences  i n  d i f f e r e n t  por t ions  
Pqn 
of a computer memory before computing t h e  second l e v e l  c o r r e -  
l a t i o n s .  Time s h a r i n g  l i k e  t h i s  would n o t  be as e f f ic ien t  i n  
possible cancellation of some of t h e  s t a t i s t i c a l  v a r i a b i l i t y  
error, bu t  s i g n i f i c a n t  cost s a v i n g s  w o u l d  r e s u l t .  
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DISCUSSION 
System Design 
We have  provided  a s p e c i f i c a t i o n  f o r  an advanced computer 
c o n t r o l l e d  p h o t o n  c o u n t i n g  processor i n  Appendix D .  The  design 
allows t h e  s y s t e m  t o  be o p e r a t e d  as a d u a l - c o r r e l a t e . a n d  s u b -  
t ract  processor o r  s e q u e n t i a l l y  as a correlator by time s h a r i n g  
t h e  m u l t i p l i e r .  The  system  provides   ' synchronous 3-,bit X 3-bit  
o p e r a t i o n s  a t  up t o  100 MHz. The   des ign   u ses  "slow" emitter. '  
coup led  logic (ECL) which is optimum f o r  t h e - s p e e d  r a n g e  s p e c i -  
f i e d .  The  system may be operated as an  advanced processor ,by .  
dumping t h e  . accumula to r  va lues  t o  computer memory a t  rates 
l imited o n l y ' b y   t h e   c o m p u t e r .  The  des'ign allows two i d e n t i c a l  
u n i t s  t o  be u s e d  t o g e t h e r  f o r  e i t h e r  v e l o c i t y  c r o s s - c o r r e l a t i o n  
measurements o r  f o r  s imul t aneous  second-channe l  no rma l i za t ion .  
An ana log  f eedback  loop  is  p r o v i d e d  f o r  a u t o m a t i c  mean v e l o c i t y  
a c q u i s i t i o n .  I n  a d d i t i o n ,  t h e  s y s t e m  c a n  be u s e d  t o  measure  any 
t y p e  o f  m u l t i p l e - i n t e r v a l  p h o t o n  statist ics by s e l e c t i n g  t h e  
correlator clock p e r i o d  ( c o n t i n u o u s l y  var iab le  both  manual ly  and  
e l e c t r o n i c a l l y )  a n d  u s i n g  t h e  computer t o  s a m p l e  t h e  v a l u e s  o f  
nk s t o r e d  i n  t h e  d e l a y  l i n e .  
S e n s i t i v i t y  Comparison 
There  are f o u r  p r i m a r y  s o u r c e s  o f  v a r i a b i l i t y  error. 
These are t h e  random t u r b u l e n t  f l o w  i t s e l f ,  t h e  random  occur- 
r e n c e  times of t h e  s c a t t e r i n g  p a r t i c l e s ,  t h e  random s c a t t e r i n g  
cross s e c t i o n s ,   a n d   t h e  random time of photon   events .   Photon  
c o r r e l a t i o n  m e t h o d s  are l i n e a r  i n  t h e  ' s e n s e  t h a t  t h e  effects  of 
two s i m u l t a n e o u s l y   o c c u r r i n g  sca t te re rs  are 'added.   This  is 
b e n e f i c i a l  i n  t h a t  i t  a v o i d s  t h e  n o n - l i n e a r  z e r o - c r o s s i n g  cap- 
t u r e  e f f e c t  o f  classical  FM s y s t e m s  a n d  t h u s  t h e '  error problems 
L 
of m u l t i p l e  s c a t t e r s ;  it is n o t  b e n e f i c i a l  i n  t h e  s e n s e  t ha t  
. .  
. .  
. .  
random a m p l i t u d e  effects w i l l  c o n t r i b u t e  t o  v a r i a b i l i t y  error, 
b u t  these d i s t i n c t i o n s  h a v e  n o t  b e e n  c a r e f u l l y  . .  analyzed .  The  
e r r o r  v e r s u s  data c o l l e c t i o n  t i m e  trade-offs w h i c h  r e s u l t  d u e  
t o  t h e  random occurrence times of scatterers and  due  t o  mini-  
mum limits due t o  t h e  t u r b u l e n c e  itself h a v e  b e e n  p r e v i o u s l y  
a n a l y z e d  f o r  b u r s t  c o u n t e r s .  T h a t  r e s u l t *  may be e x p r e s s e d  as. 
n 
where B is t h e  equivalent  power bandwidth of t h e  t u r b u l e n c e , , .  
R '  is t h e  mean r a t e  of a c c e p t e d  s i g n a l  b u r s t s ,  a n d  <p > and 
<E > are t h e  n o r m a l i z e d  m e a n - s q u a r e  t u r b u l e n c e  i n t e n s i t y  a n d  
2 
2 
mean-square estimate e r r o r ,  r e s p e c t i v e l y :  
n 
2 < u L ( t ) >  <p > = 
D2 
2 <(C - U) > - 2  <E > = 
-2 U 
t h i s  r e s u l t  i n d i c a t e s ,  f o r  e x a m p l e ,  t h a t  for  a t u r b u l e n c e  e q u i v a -  
l e n t  power  bandwidth of 2KHz, 1 0 %  t u r b u l e n c e  i n t e n s i t y ,  a n d  0.3% 
desired r m s  e r r o r ,  t h e  data  c o l l e c t i o n  time would  be a t  least  
0 .28  seconds  even  i f  t h e  c o n t i n u o u s  s i g n a l  U ( t )  were a v a i l a b l e  
f o r  p r o c e s s i n g ,  a n d  w o u l d  be c o n s i d e r a b l y  longer i f  R' were 
less t h a n  4 0 0 0 / s e c .  
I n  t h e  f o l l o w i n g  w e  examine t h e  i m p l i c a t i o n s  o f  e q u a t i o n  
( 7 2 )   f o r   t r a n s o n i c   w i n d   t u n n e l   m e a s u r e m e n t s .   I n   o r d e r  t o  include 
t h e  mean v a l u e  o f  t h e  s i g n a l  b u r s t s  a l o n g  w i t h  t h e  assumed 
- ~~ ~ * 
page 10 ,  e q u a t i o n   ( 2 . 1 4 ) ,  reference 1231. 
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background l i g h t  i n  e q u a t i o n  ( 7 2 )  w e  u s e  e q u a t i o n  (40 )  f o r  
< X ( t ) >  and  (72 )  becomes 
where t h e  mean ra te  d u e  t o  s i g n a l  b u r s t s  is 
which is less t h a n  t h e  mean peak ra te  <X.> when R is less t h a n  
t h e  i n v e r s e  of t h e  e f f e c t i v e  b u r s t  w i d t h ,  fi a .  Now b y  d e f i n -  
i n g  t h e  v a r i a n c e  u o f  t h e  p e d a s t a l  peak rates X 'as 
J 
x j 
0 = <x.> 2 - <x.> 2 
x J J 
w e  may r e a r r a n g e  ( 1 0 3 )  as 
. .  
. .  
. .  
. .  
. .  
J 
Although t h e  parametric behav io r  of e q u a t i o n  (105) is 
i n t u i t i v e l y  a c c e p t a b l e  i n  o ther  ways ,  t h e  p r e s e n c e  of t h e  term 
[l + aX /<X.> 3 i n  t h e  denominator  seems a l i t t l e  s t r a n g e .  
I n c r e a s e d  v a r i a b i l i t y  of t h e  s c a t t e r i n g  c r o s s  s e c t i o n s  of t h e  
p a r t i c l e s  w o u l d  n o t  i n t u i t i v e l y  decrease t h e  mean-flow v a r i a -  
b i l i t y  error. I t  is p o s s i b l e  tha t  t h i s  i n d i c a t e d   b e h a v i o r  is 
a consequence of i g n o r i n g  t h e  v a r i a b i l i t y  of t h e  c lass ica l  power 
X ( t )  i n  e q u a t i o n  (71) and has  no p h y s i c a l  r e a l i t y .  However, 
there does n o t  appear t o  be anything wrong w i t h  t h e  d e r i v a t i o n  
2 2 
3 
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fo r  t h e  l i m i t i n g  case o f  h igh  background  l igh t  so t h e  s t r a n g e  
r e s u l t  may be t r u e .   I n   a n y   e v e n t ,  a c o n s e r v a t i v e  bound is 
obtained by  removing t h e  b r a c k e t e d  e x p r e s s i o n  i n  t h e  denomina- 
t o r  t o  o b t a i n  a n  e x p r e s s i o n  n o t  r e q u i r i n g  k n o w l e d g e  of (5 2. x -  
€ J 
2[2 + 11 
If w e  e v a l u a t e  e q u a t i o n  (106) w i t h  t h e  fo l lowing  assumed t y p i c a l  
c o n d i t i o n s  f o r  a t r anson ic  wind  tunne l  measu remen t  w e  o b t a i n  
a r e q u i r e d  d a t a  c o l l e c t i o n  time of 0.5 s e c o n d s  f o r  a 1% rms 
e r r o r  : 
7 A b  = 1 0  
6 As = 1 0  
< A .  > = 10 7 
3 
A T  = 1 0  -8 
. .  
I n  t h i s  example,  t h e  mean s i g n a l  p h o t o e l e c t r o n  ra te  is t e n  
times less t h a n  t h e  mean' background photo-e lec t ron  ra te  and 
is e q u a l  t o  t h e  a v e r a g e  peak enve lope  rate.  With t h i s  much 
b a c k g r o u n d  l i g h t ,  t h e  a s sumpt ion  o f  cons t an t  X ( t )  s h o u l d  be 
v a l i d  w i t h  respect t o  t h e  p h o t o n - f l u c t u a t i o n  i n d u c e d  v a r i a -  
b i l i t y .  The  s e l e c t i o n  o f  mean peak ra te  a t  l o 7  means t h a t  
o c c u r r e n c e s  o f  p h o t o e l e c t r o n  c o u n t  ra tes  greater t h a n  10 /sec 
( t h e  limit of  cu r ren t  ha rdware  s t a t e  o f  t h e  a r t )  w i l l  be rare 
and t h e  effects o f   n o n l i n e a r i t y   n e g l i g i b l e ) .  The s e l e c t e d  
r a t i o  o f  < A . > / A  = 10 implies t h a t  t h e  measurement  volume is 
o n l y  a s s u m e d  t o  c o n t a i n  a sca t te re r  1/10 of  t h e  time on t h e  
ave rage .  
8 
J S  
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Even though dramatic improvements over t h e  p r e v i o u s  exam- 
ple  s i t u a t i o n  may r e s u l t  f r o m  r e d u c e d  b a c k g r o u n d  l i g h t ,  t h e  
r e s u l t  still  i n d i c a t e s  t h a t  practical  measurements may be 
o b t a i n e d  w i t h  a peak s i g n a l  p h o t o e l e c t r o n  rate of lo7 sec. I n  
o r d e r  t o  compare t h i s  w i t h  t h e  per formance  of a b u r s t - c o u n t e r  
sys tem,  w e  must  assume values  for  p ,  q and f m ,  t h e  Doppler  fre- 
quency. With p = 3, and q = 1 t h e  Doppler   f requency  f m  is 
1 / 4 A ~  = 25 MHz. T h i s  would r e s u l t  from = 304.8 m/sec w i t h  
a n  o p t i c a l  s e n s i t i v i t y  of 82 kHz/m,/sec. T h i s  peak pho toe lec -  
t r o n , r a t e  assumed is t h u s  0.4 p h o t o e l e c t r o n s / c y c l e  i n  t h e  p r e s -  
e n c e  of 0 .4   background  photoe lec t rons /cyc le .   For   compar ison  w e  
n o t e  that s t a n d a r d  o p t i c a l  n o i s e  f o r m u l a s ,  g i v e n  h ( t )  = 
X .  (1 + c o s  w m t )  + A b ,  w o u l d  r e s u l t  i n  peak SNR of J 
X; 
SNR = 4B(Xj + Ab) 
In  ou r  example ,  B = 25 MHz and A b  = 10 ; i f  w e  choose  X = 1 0  , 7 9 
j 
. .  
. .  
. .  
a f a c t o r  of 100 greater t h a n  i n  o u r  e x a m p l e ,  t h e n  t h e  SNR is 
10 a t  t h e  peak of t h e  s i g n a l  b u r s t  a n d  1.35 a t  t h e  l / e  s i g n a l  
e n v e l o p e   p o i n t s .   S i n c e  t h i s  example represents marg ina l  o r  
i n a d e q u a t e  SNR f o r  b u r s t  c o u n t e r  operation w e  deduce t h a t ,  even 
w i t h  100 times more scattered power,  only t h e  l a rge r - than -ave r -  
age scatterers w o u l d  c o n t r i b u t e .  
. .  
. .  
. .  
. .  
. .  
Under c o n d i t i o n s  of less background l i g h t ,  t h e  b u r s t -  
c o u n t e r  a n a l y s i s  w o u l d  n o t  be improved;  however, t h e  photon 
c o u n t i n g  s y s t e m  r e s u l t s  are expec ted  t o  improve  cons ide rab ly .  
Thus w e  conc lude  tha t  mean-flow measurements w i t h  from 100-1000 
times less o p t i c a l  power are feasible w i t h  t h e  photon  c o u n t i n g  
system. 
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F u t u r e  Work 
During t h i s  c o n t r a c t  e f for t  w e  have  deve loped  s imula t ion  
t e c h n i q u e s  which can  be ex tended  t o  be a p p l i c a b l e  t o  a l l  t y p e s  
of LV s i g n a l  p r o c e s s o r s  for  any  l e v e l  s i g n a l s .  The program i n  
Appendix B o n l y  r e p r e s e n t s  t h e  beginning  of how these t e c h n i q u e s  
can be e x p l o i t e d ,  and w e  d i d  n o t  have time under  t h e  p r e s e n t  
c o n t r a c t  t o  u s e  tha t  program e x c e p t  fo r  check-out waveform simu- 
l a t i o n s  and t h e  dead-time example. S i m i l a r l y ,  t h e  h igher  order 
moment equat ions  deve ' loped  i n  Appendix A have n o t  been y e t  used  
t o  ex tend  t h e  v a r i a b i l i t y  e r r o r  a n a l y s i s  t o  i n c l u d e  t h e  low 
background case. 
A system such  as  t h a t  specified i n  Appendix D shou ld  be 
c o n s t r u c t e d  and  tested. The  r e s u l t s  i n  t h i s  report  i n d i c a t e  
t h a t  such  a system would a low LV measurements t o  be performed 
which are no t  now feasible.  I n  a d d i t i o n ,  t h e  s y s t e m  would be 
a v a l u a b l e  research t o o l  f o r  many other f ie lds  of research 
which r e q u i r e  high-speed d i g i t a l  c o r r e l a t i o n  or measurement of 
p h o t o n  i n t e r v a l  s ta t is t ics .  
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CONCLUSIONS 
The most s i g n i f i c a n t  new r e s u l t s  which t h i s  r e p o r t  p r o v i d e s  
are i t e m i z e d  below: 
0 A g e n e r a l  n o n - s t a t i o n a r y  P o i s s o n  process model fo r  
d u a l  sc,atter laser velocimeter (LV) s i g n a l s  a n d  n o i s e  
v a l i d  f’rom high l e v e l  s i g n a l s  down through photon 
r e s o l v e d  s i g n a l s .  
0 C o m p u t e r  s i m u l a t i o n  a l g o r i t h m s  v a l i d  o v e r  the e n t i r e  
r a n g e  of s i g n a l  l e v e l s ,  which may be  used  t o  e v a l u a t e  
any new t y p e  of LV s i g n a l  p r o c e s s o r .  
0 A d e s c r i p t i o n  a n d  s t a t i s t i c a l  a n a l y s i s  of both con-  
v e n t i o n a l  p h o t o n  correlation and Dual Correlate and 
S u b t r a c t  f r e q u e n c y  d i s c r i m i n a t o r  t e c h n i q u e  f o r  mean, 
t u r b u l e n c e  i n t e n s i t y  a n d  t u r b u l e n c e  c o r r e l a t i o n  
e s t i m a t i o n s  f r o m  p h o t o n  r e s o l v e d  s i g n a l s .  
0 A s y s t e m  des ign  fo r  an  advanced  pho ton-coun t ing  
p r o c e s s o r  which implemen t s  bo th  conven t iona l  pho ton  
c o r r e l a t i o n  ( s e q u e n t i a l l y )  a n d  t h e  Dual Correlate 
c o n c e p t s  w i t h  time r e s o l u t i o n  t o  10 n s e c .  
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APPENDIX A I 
.FILTERED INHOMOGENEOUS POISSON  PROCESSES 
I n  t h i s  appendix  w e  have  used  t h e  material from S n y d e r ' s  
book [9] t o  d e r i v e  t h e  h i g h e r  order moments  of a f i l tered 
inhomogeneous   Poisson   process   up   th rough order 4 .  We beg in  
w i t h  i n t r o d u c t o r y  material similar t o  t h a t  g i v e n  b y  P a p o u l i s .  : 
1101 . .  
Inhomogeneous  Impulse  Processes 
The i n p u t  t o  a random l i n e a r  s y s t e m  is an inhomogeneous 
Po i s son  impu l se  p rocess  z ( t )  g iven  by  
where { T ~ }  is t h e  set of random  occurrence   t imes ,  X ( t )  is t h e  
i n s t a n t a n e o u s  s t a t i s t i ca l  'mean v a l u e  of z ( t ) ,  ( a n d  a l s o  t h e  
mean ra te  of o c c u r r e n c e  of t h e  T ~ ' s ) ,  and 6 ( t )  is t h e  dirac 
de l ta  f u n c t i o n .  .The  random v a r i a b l e s  T~ are independent  of 
each o t h e r  s t a t i s t i c a l l y  a n d .  o b e y  t h e  inhomogeneous counting 
law, i . e . ,  t h e  p r o b a b i l i t y  of n = k  o c c u r r e n c e s  i n  t h e  i n t e r v a l  
where 
t 2  
p = 1 X(t)d t  
The q u a n t i t y  IJ is also t h e  mean a n d  v a r i a n c e  of t h e  random va r -  
iable n ( t l ,  t2) .  
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. .  
I: 
The Response of a Random Linear System-Campbell 's  Theorem 
The  output  of t h e  random l i n e a r  s y s t e m  s ( t )  is t h e  supe r -  
p o s i t i o n  of t h e  r e s p o n s e  h ( t  - T ~ ,  Y i )  t o  each inpu t  impu l se :  - 
W 
s( t )  = 1 h ( t  - T ~ ,  Y i )  - 
W 
(A4 
where '{Yi)  is a set of i d e n t i c a l l y  d i s t r i b u t e d  i n d e p e n d e n t  
v e c t o r  random v a r i a b l e s .  The  random v a r i a b l e  T? af fec ts  t h e  
shape and   ampl i tude   o f  t h e  r e s p o n s e   f u n c t i o n  h ( t , y ) .  I n  t h e  
case of t h e  PMT s i g n a l  it may take t h e  form of a s i n g l e  scalar 
a m p l i t u d e   v a r i a b l e .  I n  t h e  case o f   t h e  classical  o p t i c a l  s ig -  
n a l  from t u r b u l e n t  f l o w  b o t h  a r,andom ampl i tude  parameter and 
one  o r  more  random shape parameters d u e  t o  v e l o c i t y  m a g n i t u d e ,  
d i r e c t i o n ,  a n d  probe v o l u m e  t r a n s l a t i o n a l  e n t r a n c e  l o c a t i o n  may 
be r e q u i r e d .  The t h e o r y   s h o u l d  be applicable so long  as t h e  
set  of m u l t i d i m e n s i o n a l  random v a r i a b l e s  Ti is independent  of 
t h e  set  of o c c u r r e n c e  times {ti}. The generalized Campbell 's 
theorem r e s u l t s  f o r  t h e  i n s t a n t a n e o u s  s t a t i s t i c a l  mean, v a r i a n c e ,  
and  au to-covar iance  of  s ( t )  are  given  below,  t h e y  apply  regard- 
less o f  whether  i n d i v i d u a l  p u l s e s  are r e s o l v e d  o r  n o t .  
c o v [ s ( t 1 ) s ( t 2 ) 3  = <s(t,>s(t,)> - <s(t1)><s(t2)> (A7 1 
00 
= h ( T ) < h ( t l -  T ,Y)h ( t2 -T ,Y)>dT 
W 
where <> d e n o t e s   e x p e c t a t i o n  w i t h  respect t o  i n s i d e  t h e  
. .  
. .  . .  
. .  
. .  
i n t e g r a l  s i g n s .  For a c a u s a l  s i g n a l  such  as t h a t  from t h e  PMT, 
where h ( t )  is zero for  t > 0,  t h e n  t h e  upper limits of 
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. .  
. .  
i n t e g r a t i o n  may be r e p l a c e d  by t or t h e  minimum of tl and t2 
i n  e q u a t i o n  (A7). F o r  t h e  t r a n s i e n t  case where t h e   i m p u l s e  
s i g n a l  z ( t )  is a p p l i e d  a t  t = 0,  t h e  l o w e r  limits of i n t e g r a -  
t i o n  may be  rep laced  by  0. 
Higher Order Moments 
Summary of s ta t i s t ics . -  G i v e n . a  f i l tered,  inhomogeneous, 
compound P o i s s o n  p r o c e s s :  
where Tiare random occur rence  times which occur  w i t h  i n t e n s i t y  
X( t ) ,  and  where Hi are v e c t o r  random v a r i a b l e s  w h i c h  are s ta-  
t i s t i c a l l y  i n d e p e n d e n t  a n d  i d e n t i c a l l y  d i s t r i b u t e d ,  w e  o b t a i n  
t h e  f o l l o w i n g   r e s u l t .  The cumulants  are:  
W 
y l ( t l )  = ql = I A ( T ) < h ( t l y T ; Y )  > d.c 
m 
W 
W 
W 
‘1234 (t 1 , t  2 , t  3 , t  4 ) = / W A ( T ) < h ( t l , ~ ; y ) h ( t 2 , T ; ~ )  
The formulas which re la te  the cumulants  t o  t h e  moments 
a r e  as f o l l o w s :  
2.  <s(t,)s(t,>> = P12 + n1q2 
where v12 = cova r i ance  = y12 
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: /  . .. " ''1'234  '2'134 + '3'124 + '4'123 
+ '12'34 + '13'24 + '14'23 
" '114n.2n3 -k '13'2'4 " '12'3'4 
The d e r i v a t i o n  of the  above  fo rmulas  fo l lows .  
D e r i v a t i o n . -  T h e  d e r i v a t i o n  o f  t h e  p r e c e d i n g  f o r m u l a s  is 
s t r a i g h t f o r w a r d  b u t  t e d i o u s  i f  w e  are g i v e n  t h e  j o i n t  cha rac -  
ter is t ic  f u n c t i o n  
" 
cp(Z) = <e jays > ( A l l  
where 
and 
s = [s(t,),s(t2>,s(t3),s(tq)l 
From P a p o u l i s  we know t h a t  
. .  . .  
. .  
I 
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a n d  s i m i l a r l y  f o r  o t h e r  momen'ts; i . e . ,  w e  may o b t a i n  t h e  moments 
b y  d e t e r m i n i n g  t h e  a p p r o p r i a t e  p a r t i a l  d e r i v a t i v e s  o f  t h e  j o i n t  
c h a r a c t e r i s t i c  f u n c t i o n  a t  w = 0 which is  i n  t u r n  a v e c t o r  
v a l u e d  F o u r i e r  t r a n s f o r m  of t h e  j o i n t  p r o b a b i l i t y  f u n c t i o n  f o r  
t h e  random v a r i a b l e s  s ( t , ) ,  s(t,), e tc .  
The t h e o r y  of f i l t e r ed  P o i s s o n  p r o c e s s e s  p r o v i d e s  u s  w i t h  
t h e  j o i n t  c h a r a c t e r i s t i c  f u n c t i o n  o f  t h e  s e c o n d  k i n d ,  $, where 
or  
We may t h e r e f o r e  e i t h e r  write o u t  $(w) a n d  e v a l u a t e  t h e  
derivatives d i r e c t l y  or u s e  t h e  above e q u a t i o n s  t o  f i r s t  
e x p r e s s  t h e  p a r t i a l  derivatives of $ ( E )  i n  terms of the p a r -  
t i a l  der ivat ives  of $ ( w ) .  We have t a k e n  t h e  l a t t e r  approach  
u s i n g  t h e  c h a i n   r u l e .  As an  example 
The rest of t h e  derivatives are omitted h e r e  s i n c e  t h e y  g e t  
p r o g r e s s i v e l y  m o r e  l e n g t h y .  
We now n e e d  o n l y  t o  e v a l u a t e  the p r o d u c t s  o f  p a r t i a l  
d e r i v a t i v e s  w e  have   ob ta ined  a t  = 0. From t h e  material  g iven  
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by  Snyder w e  have * 
From t h e  form of t h e  e x p r e s s i o n  f o r  $ ( E )  it is clear t h a t  
therefore 
= 1 
I t  is n o t  d i f f i c u l t  t o  see tha t  t h e  f o r m  o f  t h e  p a r t i a l  
d e r i v a t i v e s  is 
i . e . ,  t h e  p a r t i a l s   o f  $(w) a t  = 0 are e q u a l  t o  t h e  same order 
cumulan t   excep t   fo r  t h e  j n  f a c t o r .   W i t h  t h i s  formula w e  c a n  
now g o  d i r e c t l y  from t h e  e x p r e s s i o n  o f  t h e  p a r t i a l s  of $I i n  
terms of t h e  p a r t i a l s  o f  $ t o  t h e  desired h i g h e r  order moments. 
. .  
. .  . .  
. .  
. .  . .  . .  
The r e s u l t  is t h a t   g i v e n   i n   t h e  summary. If moments h i g h e r  . .  
. .  
. .  
. .  * 
I n  S n y d e r ' s  book, Random P o i n t  P r o c e s s e s ,  e q u a t i o n  ( 4 . 1 5 )  
t h e  lower l i m i t  of i n t e g r a t i o n  is t o  c o r r e s p o n d  t o  t h e  begin- 
n i n g  of t h e  p r o c e s s .  The upper  l i m i t  is t h e  minimum of t h e  
times ti .  This   assumes  t h a t  h ( t i , T ; Y )  is a c a u s a l   f u n c t i o n .  
. .  
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t h a n  t h e  4 t h  are needed w e  would s imply  apply t h e  c h a i n  r u l e  
t o  d e t e r m i n e  t h e  higher  d e r i v a t i v e  of 4 i n  terms of those of 
$ 9  
Moments of a Gaussian Random Process.- We have n o t  y e t  
expanded a l l  of t h e  moments of a non-zero mean Gaussian 
p r o c e s s  for  comparison. We observe ,   however ,  t h a t  t h e  factori-  
z a t i o n  p rope r ty  of  zero-mean Gaussian processes does n o t  hold 
fo r  f i l t e r ed  Po i s son  process. O t h e r w i s e  there are great s i m i -  
l a r i t i e s  e x c e p t  f o r  t h e  cumulants  as 
Gauss ian   Poisson  ( A 2 3  1 
<x1> = 1 7 1  <x > = 1 rll 
<x x >. = 1 2  '12 + Q1172 1 2  '12 + '11Q2 < x x > =  
f o r  ( q i  = 0)  
< x x x > = o  1 2 3  
< x x x x > =  1 2 3 4  '12'34 + '13'24 
+- '14'23 
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< x x x > =  1 2 3  '123 
1 2 3 4  '12'34 + '13'24 < x x x x > =  
+ '14'23 + '1234 
<x4> = 3a4 + 6n202  + Q 4 
+ 417 1 Ah3( t )d t  
+ ,[Ah4( t )d t  
APPENDIX B 
DIGITAL SIMULATION OF LOW  LEVEL  DUAL  SCATTER 
LV SIGNALS AND IDEALIZED PHOTON  PROCESSORS 
i. This   append ix   p rov ides   t heo ry   and   an   example  FORTRAN 
program  fo r  d i g i t a l  LV s i g n a l   s i m u l a t i o n .   B a c k g r o u n d   t h e o r y  
a n d  s e v e r a l  more c o m p l i c a t e d  P o i s s o n  i m p u l s e  s i m u l a t i o n  algo- 
rithms are d i s c u s s e d  b y  R.  H. F o r r e s t e r ,  Jr. i n  a Masters T h e s i s  
[25] performed  under  Don Snyder.  The simple approach   t aken  
h e r e  is t o  d i s c r e t i z e  t h e  p o s s i b l e  o c c u r r e n c e  times of  photon  
and c lass ical  b u r s t  s i g n a l  e v e n t s  t o  u n i f o r m l y  s p a c e d  i n t e r -  
v a l s  o f  l e n g t h  A t ,  where A t  is less t h a n  a n y  s i g n i f i c a n t  s y s -  
t e m  i n t e g r a t i o n  time. T h i s   d i s c r e t i z a t i o n   o f  t i m e  imposes 
i t s e l f  upon a l l  t empora l  sys tem p a r a m e t e r s ,  s u c h  as p r o c e s s o r  
c l o c k  i n t e r v a l  AT and  dead time T ~ ,  which  would be c o n t i n u o u s  
v a r i a b l e s  i n  t h e  rea l  s i t u a t i o n .  
$& 
Theory 
Realization ~~ . ~. of   inhomog.eneous  Poisson  impulse  processes . -  A 
sample  func t ion  of  an  inhomogeneous  Poisson  impulse  process  is 
s p e c i f i e d  b y  a set o f  e v e n t  o c c u r r e n c e  times {ti) as d e s c r i b e d  
i n  Appendix A .  T h e   k e y   p r o c e d u r e   r e q u i r e d   f o r   s i m u l a t i o n   o f  
LV s i g n a l s  is t h e r e f o r e  t h e  g e n e r a t i o n  o f  a s e t ' { t i )  g i v e n  a 
s p e c i f i e d  ra te  i n t e n s i t y  f u n c t i o n  X(t). T h i s  may be done  by 
f i r s t  g e n e r a t i n g  a homogeneous ( s t a t i o n a r y )  p r o c e s s  w i t h  u n i t  
i n t e n s i t y  X ( t )  = 1 and then mapping the r e a l i z a t i o n  times 
t h r o u g h   s o l u t i o n  of a n   i n t e g r a l   e q u a t i o n .   F i g u r e  B 1  i l l u s -  
t rates t h e  r e q u i r e d  m a p p i n g  i n  a manner which h e l p s  p r o v i d e  
i n t u i t i v e  g r a s p  for  wha t  fo l lows .  
L e t  u s  d e f i n e  t h e  set o f  i n t e r a r r i v a l  i n t e r v a l s  {wi) 
be tween   even t   occu r rence  times { T ~ )  as 
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'I 
t. 
A(t)= h(t)dt 
0 
"""""""""""_ 
""""""""""_ 
""" """"""_ 
I """- 
t (see) 
I 
I 
1 
I I 
2 
I 
Inhomogeneous  Process  with X(t) 
Inhomogeneous  Process  with  Specified X(t). 
Figure B1. Transformation  of Unit Intensity Process into 
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? 
w ='I: i i 
For  a homogeneous Poisson impulse process w i t h  c o n s t a n t  r a t e  
i n t e n s i t y  X ( t )  = X ,  i t  is n e c e s s a r y  a n d  s u f f i c i e n t  t h a t  {wi) 
be a set of s t a t i s t i c a l l y  i n d e p e n d e n t ,  i d e n t i c a l l y  d i s t r i b u t e d  
e x p o n e n t i a l  r a n d o m  v a r i a b l e s  w i t h  common p r o b a b i l i t y  d e n s i t y  
PW(W>, g iven   by  
We may therefore g e n e r a t e  t h e  s e t '  { ' I :~}  o f  o c c u r r e n c e  times fo r  
a r e a l i z a t i o n  of a c o n s t a n t  i n t e n s i t y  p r o c e s s  as  
. .  
i 
'I: i = C W k = ' I :  i-1 + wi 
k= 1 
Commonly a v a i l a b l e   s u b r o u t i n e s  generate s t a t i s t i c a l l y  * 
i n d e p e n d e n t  r e a l i z a t i o n s  x i  o f  a random v a r i a b l e  x u n i f o r m l y :  
d i s t r i b u t e d   o n  t h e  i n t e r v a l   ( 0 , l ) .  The e x p o n e n t i a l  d e n s i t y  
f u n c t i o n  is monotonic w i t h  a n  i n v e r s e  f u n c t i o n  which is commonly 
a v a i l a b l e   ( n a m e l y  t h e  n a t u r a l   l o g a r i t h m   f u n c t i o n ) .  I t  is 
t h e r e f o r e   s t r a i g h t f o r w a r d   t o  d e t e r m i n e  a t r ans fo rma t ion   wh ich  - 
maps t h e  r e a l i z a t i o n s  o f  t h e  u n i t  u n i f o r m l y  d i s t r i b u t e d  v a r i a -  - . 
ble  t o  the-des i red  e x p o n e n t i a l l y  d i s t r i b u t e d  v a r i a b l e :  
. .  
1 1 wi = X l n ( r  ) 
i 
In summary, g e n e r a t i o n  o f  u n i t  u n i f o r m  random v a r i a b l e s  x ;  
which are t h e n  t r a n s f o r m e d  by (B4) and  used  in  ( B 3 )  p roduce  a 
"_ * 
There i s ,  however, a difference i n  t h e  q u a l i t y  of these 
s u b r o u t i n e s ;  a s u r v e y  p a p e r  by [26] may be c o n s u l t e d  if t h e  
v a l i d i t y  o r  e f f i c i e n c y  of a s u b r o u t i n e  is i n  q u e s t i o n .  
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r e a l i z a t i o n  o f  a homogeneous impulse process w i t h  i n t e n s i t y  
X .  F o r   o u r   p u r p o s e s ,  w e  set  X = l  and proceed t o  t h e   m a p p i n g .  
s t e p  i l l u s t r a t e d  i n  F i g u r e  B1. 
I n  h i s  r e c e n t  book*  Snyder  p rov ides  gu idance ,  bu t  l eaves  
i t  as a homework exercise t o  d e d u c e  t h e  p r o o f  fo r  a method of 
r e s c a l i n g  t h e  i n t e r a r r i v a l  times of a u n i t  i n t e n s i t y  p r o c e s s  
t o  o b t a i n  a r e a l i z a t i o n  of a specified inhomogeneous process .  
The r e s u l t s  are as follows: L e t ' I T i }  be t h e  set of o c c u r r e n c e  
times of a u n i t  i n t e n s i t y  p r o c e s s  as i l l u s t r a t e d  i n  F i g u r e  B 1 .  
L e t  A ( t )  be t h e  i n t eg ra l  o f  t h e  specified i n t e n s i t y  f u n c t i o n  
X ( t ) :  
T h i s  f u n c t i o n  is c o n t i n u o u s  a n d  m o n o t o n i c a l l y  i n c r e a s i n g  a n d  
t h e r e f o r e  has a n  i n v e r s e  f u n c t i o n  A-1 such  tha t  
T = A ( t i )  i 
ti = A (-ri) -1 (B7) 
The set of times I t i )  generated by  app ly ing  equa t ion  ( B 7 )  to 
t h e  set { T ~ }  is t h e  r e q u i r e d  r e a l i z a t i o n  o f  t h e  inhomogeneous 
p r o c e s s .  
Algori thm fo r  s i m u l a t i o n  o f  e v e n t  times.- The s u b r o u t i n e s  
which generate uni form random var iab les  xk  produce  rea l  numbers. 
If t h e  a b o v e  e q u a t i o n s  are a p p l i e d  e x a c t l y ,  o n e  would  be  forced 
t o  d i g i t a l l y  s o l v e  a n  i n t e g r a l  e q u a t i o n ,  t h u s  p r o d u c i n g  a n o t h e r  
set of r ea l  numbers i t i ) .  One c o u l d   c a r r y  t h e  f u l l  r e s o l u t i o n  
* 
See  Snyder  [91 page  62.  
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of the   computer  t o  t h e  b i t te r  end  of t h e  s imulat ion.   However ,  
a t  some p o i n t  t h e  u s e  o f  d i g i t a l  f i l t e r i n g  t e c h n i q u e s  t o  
s i m u l a t e  a n a l o g  f i l t e r  c h a r a c t e r i s t i c s  o f  real  p h o t o m u l t i p l i e r  
t u b e s  (PMT) a n d  o t h e r  e l e c t r o n i c  d e v i c e s  would  become  appro- 
p r i a t e .  A t  such a p o i n t ,  t h e  s i m u l a t e d  s i g n a l  would  have t o  
be i n t e r p o l a t e d  a n d  respecified on  uni formly  spaced  increments  
- w i t h  s e p a r a t i o n  A t .  We may g r e a t l y  s i m p l i f y  t h e  r e q u i r e d  
a l g o r i t h m s  by rounding  t h e  set of  occurrence  times t o  t h e  near -  
est A t  i n t e r v a l  and   po in t .  By i n c o r p o r a t i n g  t h i s  s t e p  d i rec t ly  
i n t o  t h e  s o l u t i o n  o f  t h e  i n v e r s e  f u n c t i o n  'A-'(ri) w e  avoid  
t h e  problems of  so lv ing  t h e  i n t e g r a l  e q u a t i o n  e x a c t l y  and s i m -  
p l i f y  t ha t  s t e p  as well .  The en t i re  procedure  is t h u s  simpli-  
f i e d  t o  t h e  f o l l o w i n g .  
1. 
2. 
3. 
4 .  
S e l e c t  a A t  small enough t o  p rov ide  adequa te  
accu racy  fo r  un i fo rm sampl ing  o f  X ( t )  and  cal-  
c u l a t i n g  i ts  i n t e g r a l  by t h e  t r a p a z o i d a l  r u l e  
i n t e g r a t i o n  method. 
Beginning a t  -r0 = to = 0,  c o m p u t e  r e a l i z a t i o n s  
of  -ri as  d i scussed  above .  
C a l c u l a t e  t h e  t r a p a z o i d a l  r u l e  a p p r o x i m a t i o n  
of A ( k A t )  f o r   e a c h  i n t e g e r  v a l u e .  0 " <k  <kmaxT 
Use c o n d i t i o n a l  statements t o  tes t  t h e  l a t e s t  
real  va lue   o f  T~ a g a i n s t  t h e  i n t e g r a l  A ( k A t )  
as it is generated i t e r a t i v e l y  t o  determine a 
h is togram TC of t h e  discretized occur rence  
times a t  kAt. I t  is p o s s i b l e ,  i n  t h e  s imula-  
t i o n ,  f o r  more than one value of -ri t o  be 
mapped t o  t h e  discretized time kAt. 
There  are many ways that  the f o u r t h  s t e p  c o u l d  be implemented. 
We have elected t h e  f o l l o w i n g :  If t h e  v a l u e  of -ri l ies  i n  t h e  
r ange  
where R ( k A t )  is t h e  t r a p a z o i d a l  a p p r o x i m a t i o n  o f  t h e  i n t e g r a l ,  
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t h e n  a n  o c c u r r e n c e  is added t o  t h e  h i s t o g r a m  v a l u e  a t  k .  
I n c l u s i o n  o f  r a n d o m  a m p l i t u d e  e f f e c t s . -  When t h e  p o i n t  
e v e n t  r e p r e s e n t s  a p h o t o e l e c t r o n  p u l s e  o r  a c lass ical  LV s ig-  
n a l  b u r s t ,  w e  may w i s h  t o  a s s i g n  t h e  e v e n t  a n  a m p l i t u d e  m a r k  
( i m p u l s e   w e i g h t ) .   T h i s  may be d o n e  b y  s e p a r a t e l y  g e n e r a t i n g  
r e a l i z a t i o n s  o f  a d d i t i o n a l  random v a r i a b l e s '  a c c o r d i n g  t o  
d e s i r e d  statistics and accumula t ing  one  each  of t h e s e  a t  TC 
f o r   e a c h   o c c u r r e n c e  time. Note t h a t  it is n o t   a d e q u a t e  t o  
s i m p l y   m u l t i p l y   e a c h   v a l u e  TC by a random v a r i a b l e ,  s i n c e  i n  
some r e a l i z a t i o n s  m o r e  t h a n  o n e  e v e n t  c o n t r i b u t e s  t o  t h e  same 
v a l u e  o f  k .  
The statistics of t h e  p u l s e  h e i g h t  d i s t r i b u t i o n  o f  a poor  
(PMT)  may be n e a r l y  R a y l e i g h ,  w h i l e  t h e  G a u s s i a n  d e n s i t y  w i t h  
15-2576 r e l a t i v e  s t a n d a r d  d e v i a t i o n  may be a d e q u a t e  t o  model a 
good PMT. Very l i t t l e  d o c u m e n t a t i o n   e x i s t s   c o n c e r n i n g  t h e  
p r o b a b i l i t y   d e n s i t y   o f   t h e  c lass ical  s i g n a l  b u r s t s .   T h i s   t o p i c  
is d i scussed  and  some data is p r e s e n t e d  i n  o u r  recent AEDC 
r e p o r t  [ l ] .  Of t h e  s i m p l e s t   d e n s i t i e s   a n   e x p o n e n t i a l   d e n s i t y  
or a Ray le igh  dens i ty  wou ld  be u s e d  t o  s i m u l a t e  a m p l i t u d e s  from 
an  unseeded  f low.  A s  w e  have  shown i t  does n o t  f o l l o w   t h a t  
t h e  a m p l i t u d e  p r o b a b i l i t y  d e n s i t y  a g r e e s  i n  a n y  r e c o g n i z a b l e  way 
w i t h  t h e  p a r t i c l e  s ize  d i s t r i b u t i o n ;  e v e n  m o n o s i z e d  p a r t i c l e s  
may produce  a v e r y  s t r a n g e  a m p l i t u d e  p r o b a b i l i t y  d e n s i t y  [ l ] .  
When i t  is d e s i r a b l e  t o  u s e  R a y l e i g h  o r  G a u s s i a n  r a n d o m  
v a r i a b l e s   t h e   f o l l o w i n g   p r o c e d u r e  is recommended.  Generation 
o f  r e a l i z a t i o n s  o f  R a y l e i g h  or Gauss ian  random var iab les  may b e  
o b t a i n e d  by first g e n e r a t i n g  u n i f o r m l y  d i s t r i b u t e d  v a l u e s  o n  
t h e   i n t e r v a l   ( 0 , l ) .  L e t  x1 and 
r e a l i z a t i o n s .  Then w e  o b t a i n  
R = (-20 2 
x2 be two such independent  
e = 2TX2 
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where R is a r e a l i z a t i o n  o f  .a Ray le igh  random v a r i a b l e  w i t h  
pa rame te r  a ,  mean = 04 , a n d  p r o b a b i l i t y  d e n s i t y  p R ( R )  g i v e n  as  
(.B11) 
and 8 is a r e a l i z a t i o n  o f  a u n i f o r m l y  d i s t r i b u t e d  random v a r i - .  
able o n   t h e   i n t e r v a l  ( O , ~ I T ) .  M u l t i p l y i n g  ( B 9 )  by  produces . '  
R a y l e i g h  v a r i a b l e s  w i t h  mean =l. If   Gaussian  random var iab les .  
are d e s i r e d ,   t h e   p r o c e s s  is c o n t i n u e d   f r o m   ( B 9 )   w i t h o u t   h e  . 
f a c t o r  b y  c o n v e r t i n g  t o  r e c t a n g u l a r  c o - o r d i n a t e s :  
When t h i s  is done,  X and Y are  t w o  i n d e p e n d e n t  r e a l i z a t i o n s  o f  
a Gauss i an  r andom va r i ab le  wi th  zero mean a n d  v a r i a n c e  0 , i . e . ,  2 
1 e-x /2a 2 2  P,(X> = - m 
a n d  t h e  same f o r m  f o r  p ( Y ) .  T h e   a b o v e   p r o c e d u r e   e f f i c i e n t l y  
p roduces  exac t ly  Gauss i an  random r e a l i z a t i o n s  as opposed t o  a 
program such as  GAUSS which sums 12 independent uniform random 
v a r i a b l e s  t o  o b t a i n  a p p r o x i m a t e l y  G a u s s i a n  v a r i a b l e s  by t h e  
c e n t r a l  l i m i t  t h e o r e m   ( F o r r e s t e r   [ 2 5 ] ) .  
Y 
Example Simulation Program 
We have  inc luded  a t  the  end  o f  t h i s  appendix  a copy of 
t h e  p r i n t o u t  o f  a FORTRAN I V  program which is i l l u s t r a t e d  i n  
f l o w   f o r m   i n   F i g u r e  B2. The o c c u r r e n c e  times o f  t h e  classical  
s i g n a l  b u r s t s  are g e n e r a t e d  as a homogeneous Poisson process .  
The a m p l i t u d e s  o f  t h e  b u r s t s  may be e i t h e r  g e n e r a t e d  r a n d o m l y  
79 
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1 Burst Width: D CON Frequency FO DT - IH2.G2.AFAC,ItIGH Burst Amplltude LOW,KAVE=THUE 
I"""J 
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Generate Occurrence 
times mean > Generate + sum 
Bnck&;round. 
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""I 
EAD 
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f Ideal Photyn Processa 
Sum Histogram (SUBROUTINE IDEAL) THEORY=TRUE 
max X of DT UNTOT 
max time T T m  
Random Pulse Gain lp.-j thru Sum filter Signal H(t) 
GE,IRl,Gl IQ 
Simulated Signal 
(SURROUTINE SICS) 
Simulated Signal 
waveform plotted 
PLOT=TRUE 
output mode IOAUX 
Accumulator Sum 
full correlate 
ONE=FALSE 
Accumulator Sum 
dual correlate 
HToT,NTOT,IQA.IP 
ONE=TRUE,ITAU 
ONEITRUE, FALSE 
output mode IOUT 1 
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Write Namelist: 
mean photoelectron rate PERNE 
actual  total  time TOTIUE 
HTOT , NTOT 
dual and/or f u l l  correlate I 
Figure B2. Flowchart  Showing  Namelist  Variable 
Names  and  Functions. 
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w i t h  e x p o n e n t i a l ,  G a u s s i a n ,  o r  R a y l e i g h  d e n s i t y  w i t h  a speci- 
f i e d  mean, o r  t h e y  may be set e q u a l  t o  a c o n s t a n t .  The  pro- 
gram computes t h e  burs t  waveforms a t  each A t  and sums a l l  t h a t  
are p r e s e n t  t o  form a c lassical  s i g n a l .  T h i s  s i g n a l  is i n t e -  
grated i n  a t r a p a z o i d a l  f a s h i o n  a n d  compared w i t h  t h e  occur -  
r e n c e  times of a u n i t  i n t e n s i t y  homogeneous Poisson impulse 
process s i m u l a t e d  as d e s c r i b e d   p r e v i o u s l y .  If random  ampli tudes 
have  been  ass igned  t o  t h e  p h o t o e l e c t r o n  p u l s e s ,  these are gen- 
erated and added t o  a histogram; o t h e r w i s e  1's are added t o  t h e  
h i s tog ram.  
The i d e a l i z e d  p h o t o n  p r o c e s s o r  p o r t i o n  of the program sums 
t h e  v a l u e s  of t h e  h i s tog ram ( w i t h  no  random PMT p u l s e  he igh t  
effects)  o v e r  a n  i n t e r v a l  AT which is some selected i n t e g r a l  
number  (ITAU) of A t  u n i t s  i n  l e n g t h .  The sum is t h e  photon 
count   sequence  referred t o  i n  t h e  t e x t  as ink} .  The idea l  
processor then computes  e i ther  t h e  p h o t o n  c o r r e l a t i o n  for  de lay  
va lues  0 - IP  (ONE = fa l se)  o r  computes and  sums t h e  d u a l  c o r r e -  
l a t e  and  s u b t r a c t  terms (ONE = t r u e ) .  
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APPENDIX C 
VARIANCE OF THE  DUAL  CORRELATE 
AND  SUBTRACT  ESTIMATOR 
I n  t h i s  appendix w e  wish t o  de te rmine  a f o r m u l a  f o r  the 
mean-squa re   dev ia t ion   o f   t he  estimate d e f i n e d   i n  the t e x t  
e q u a t i o n  (56) a t  v a l u e  of d e l a y  ( n e a r  T m / 4  w h e r e  t h e  e x p e c t e d  
v a l u e  of k is  zero. I t  was our  hope t o  do t h i s  fo r  t h e  
g e n e r a l  s i g n a l  m o d e l  which w e  have   p re sen ted .  To complete such  
a task r e q u i r e s  t h e  u s e  of f o u r t h - o r d e r  moments of t h e  classi- 
cal  s i g n a l  p r o c e s s  A ( t ) ,  and it mas f o r  t h i s  r e a s o n  t h a t  t h e  
d e r i v a t i o n  i n  t h e  las t  p a r t  of Appendix A was under t aken .  We 
d id  no t  have  time d u r i n g  the  c o n t r a c t  p e r i o d  t o  e v a l u a t e  a n d  
u s e  t h e  f o u r t h  o r d e r  moments of t h e  g e n e r a l  s i g n a l .  For t h i s  
r eason  w e  h a v e  r e s t r i c t e d  t h i s  a n a l y s i s  t o  t h e  case where 
s teady background l i g h t  is t h e  predominant  source  of v a r i a b i l i t y  
e r r o r .  (Steady l i g h t  adds v a r i a b i l i t y   e r r o r   e v e n   t h o u g h  it 
c a n c e l s   i n   t h e   m e a n . )  T h i s  simplifies t h e  problem  because of 
t h e  s i m p l i c i t y  of t h e  f o u r t h  order moment e q u a t i o n s  f o r  steady 
l i g h t  (homogeneous Poisson counting process). 
Pq 
Pq 
We d e f i n e  fi h e r e  as * 
Pq 
B = C m k  
Pq 
m = n n   - n n  k k k+p k k+q 
where t h e  summations w i l l  a l l  be from 1 to N u n l e s s  o t h e r w i s e  
no ted .  We have 
* T h i s  d e r i v a t i o n  was performed w i t h  p l u s  s i g n s  i n  t h e  
delay s u b s c r i p t s  instead of   minus   s igns .   There  is no d i f fe r -  
e n c e  i n  t h e  r e s u l t s .  
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where E = AA-r: = rlA-r:P/hv. From (C2) w e  have 
w e  w i sh  t o  e v a l u a t e  v a r  (a ) = <P2 > -_ <$q>2 = <6x2 > 
P9  P9  P4 
I n  (C4) t he  p roduc t  of sums was expanded and t h e  order of 
expec ta t ion   and   summat ion   in te rchanged .  The i = j terms a r e  
separated b e c a u s e  t h e y  b e h a v e  d i f f e r e n t l y .  
The terms in the  first summation give 
where t h e  theory  of  homogeneous  Poisson  processes  has a l lowed 
the  f a c t o r i z a t i o n  d u e  t o  i n d e p e n d e n t ' o f  n o n o v e r l a p p i n g  c o u n t  
i n t e r v a l s *  a n d  f r o m  which w e  know t h a t  
Next m e  mus t   eva lua te  t h e  i # j terms i n  (C4). There 
are N2 - N such terms but many of them are z e r o .  We have 
* 
A t  t h i s  p o i n t  f o r  t h e -  g e n e r a l  nonsteady s i g n a l  e v a l u a t e  
< m 2  > wi th  A ( t )  c o n d i t i o n a l l y  g i v e n  and t h e n  e v a l u a t e  f o u r t h  
o r a e r  moments of t h e  p r o c e s s  X(t) which is also Poi s son .  
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< m . m  .> = <nini+p n .n j+p > - <n.n  n .n  > (C7) 
1 J  1 i + q  J j + p  
- < n . n   .  > + < n . n   .  > 
1 i + p  J j + q  1 i + q  J j + q  
When a l l  t h e  s u b s c r i p t s  are unequal  we o b t a i n  
We are restricted t o  i f j and p f q f 0. If me examine t h e  
matrix of p r o d u c t s  mimj,  t h e  o n l y  allowable p r o d u c t s  for which 
some of: t h e  s u b s c r i p t s  o f  n i n  (C7) are e q u a l ,  e x c l u d i n g  t h e  
i=j  case, are f o u n d  o n  d i a g o n a l s  p a r a l l e l  t o  t h e  i=j d i a g o n a l .  
These d i a g o n a l s  are i = j t q ,  i = j 2 p ,  and i = j 2 (p-q) .  
We examine these d i a g o n a l s  s e p a r a t e l y :  f o r  i = j + q 
= o  
S i m i l a r l y  f o r  i = j - q, i = j 1: p ,  t h e  r e s u l t  is zero by sub- 
t r a c t i o n .   F o r  t h e  d i a g o n a l s  i = j 2 (p-q), however, w e  o b t a i n  
a f te r  s u b s t i t u t i o n  and e v a l u a t i o n  
< m . m . >  = -n -3 
1 J  
For large N we may neglect end effects and observe that  there 
are approximate ly  2N terms which r e s u l t  f r o m  these two diagonals.  
We may now e v a l u a t e  ( C 4 )  u s i n g  ( C 5 )  and ( C 9 )  as 
< M ~  > = N ( z ) ( z ~  + n3) - 2 ~ ; ; ~  
Pq (C10) 
= 2Nii2 = ~N(XAT) 2 = V a r ( G p q )  
T h i s  is t h e  desired r e s u l t .  
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APPENDIX D 
SYSTEM DESIGN OF AN ADVANCED PHOTON COUNTING 
PROCESSOR FOR LOW-LEVEL LDV SIGNALS 
I n t r o d u c t i o n  
A prob lem conf ron t ing  us i n  t h e  p r e s e n t  d e s i g n  was one of 
complexi ty  and c o s t .  A two   channe l   dup l i ca t ion  of t h e  AEDC 
p r o c e s s o r  [ l l  w i t h  t h e  e x t r a  r e q u i r e m e n t s  of dual-channel  
advanced-concept  operat ion would have been p r o h i b i t i v e l y  
expens ive .  To s o l v e  t h i s  problem w e  have made s e v e r a l  s i g -  
n i f i c a n t  c h a n g e s ,  some of which u t i l i z e  t h e  power of a high- 
speed c o m p u t e r  c o n t r o l l e r .  
Des ign  Approach  for  t h e  Advanced Processor 
Majo r  cos t  s av ings  are a s s o c i a t e d  w i t h  e x a c t  d u p l i c a t i o n  
o f   c i r c u i t   l a y o u t .  For t h i s  r eason ,  t h e  dua l   channe l  system 
is des igned  so t h a t  it may be o p e r a t e d  e i ther  as two com- 
p l e t e ly  separate ident ical  u n i t s  i n  one rack; or as two inde-  
p e n d e n t  u n i t s  w i t h  synchronized  data ( f o r  c r o s s  c o r r e l a t i o n s )  
o r  as  a one channel  system w i t h  a synchronous  normal iz ing  chan- 
n e l  (same system clock and nk sequence  but  separate d e l a y s ) .  
The c o u n t e r / t i m e r  (C /T)  func t ions  needed  fo r  sys t em c o n t r o l  
were o b t a i n e d  i n  t h e  AEDC system [ 11 from a $1500 l a b o r a t o r y  
c o u n t e r ,  selected because  of t he  a v a i l a b i l i t y  of o p t i o n s  ($285) 
fo r   compute r   con t ro l   and  read. I t  is c o n s i d e r a b l y  less expen- 
s i v e  t o  i n c l u d e  t h e  C/T f u n c t i o n s  i n  t h e  spec ia l -pu rpose  hard- 
ware t o  avo id  bo th  t h e  c o s t  of two u n i t s  ($3570) and t h e  asso-  
ciated computer cables, 1/0 cards, e tc .  T h i s  p u t s  an  even  more 
s t r i n g e n t  requi rement  on r e d u c i n g  c o m p l e x i t y  o f  o t h e r  c i r c u i t s  
t o  g i v e  more  room  on t h e  wire wrap pane l  (162-180 I C  s o c k e t s '  
u n l e s s  m u l t i p l e  p a n e l s  are u s e d ) .  The fo l lowing  system concep t s  
have been i n c o r p o r a t e d .  
92 
1. 
2. 
3. 
4 .  
5. 
6 .  
7. 
8. 
9. 
10. 
11. 
The 
E l i m i n a t e  a l l  f r o n t  p a n e l  c o n t r o l s  a n d  d i s p l a y s .  
T h e  s y s t e m  t h u s  u t i l i z e s  t h e  d i s p l a y  a n d  command 
o f  t h e  c o n t r o l l i n g  m i n i - c o m p u t e r  and  cannot  func-  
t i o n   s e p a r a t e l y .   T h i s   s a v e s  LED d r i v e r   i n t e g r a t e d  
c i r c u i t s  as w e l l  as t h e  f r o n t  p a n e l  i t s e l f .  
U s e  a newer,  lower cost v o l t a g e  v a r i a b l e  o s c i l l a t o r  
f o r  t h e  s y s t e m  c l o c k .  
R e p l a c e  t h e  l a b o r a t o r y  c o u n t e r  w i t h  ECL c o u n t e r /  
timer ( C / T )   c i r c u i t s .  
U s e  a n  e x t e r n a l ,  s e p a r a t e  heavy duty ECL power supply 
( E  16 Amps) t o  save s p a c e  i n  t h e  s y s t e m  e n c l o s u r e  and  
a v o i d  a large h e a t  s o u r c e  i n  t h e - e n c l o s u r e .  
Reduce  the  maximum c o u n t  t o  3 b i t s  i n s t e a d  o f  4 
(see f o l l o w i n g   j u s t i f i c a t i o n ) .   T h i s   s i m p l i f i e s  
a l l  o f  t h e  c i r c u i t s  a n d  r e d u c e s  p a c k a g e  c o u n t .  
Reduce  the  number o f  c o n t r o l  a n d  r e a d  d a t a  c i r c u i t s .  
( S e e  f o l l o w i n g  d i s c u s s i o n , . )  
Do n o t  r e q u i r e  t h e  3 b i t  c o u n t e r  t o  b e  s e l e c t i v e l y  
s a t u r a b l e .  L e t  i t  s a t u r a t e  a t  7 (111). 
Remove t h e  s i n g l e - c l i p p e r  c i r c u i t  and t h e  a s s o c i a t e d  
m u l t i p l e x e r .  
L i m i t  t h e  a c c u m u l a t o r  t o  15 b i t s  + s i g n  t o  be com- 
p a t i b l e  w i t h  t h e  16 b i t  word   of   the   computer .  Read 
t h e  a c c u m u l a t o r  o f t e n  e n o u g h  t o  a v o i d  o v e r f l o w .  
R e p l a c e  t h e  4 b i t  s u b t r a c t o r  w i t h  a 3 b i t  s u b t r a c t o r  
adder .   The add f u n c t i o n  c o u l d  be u s e d   i n   o n e  of t h e  
no rma l i za t ion  schemes .  
I n c l u d e  a n  expe r imen ta l  ana log  se rvo  loop  fo r  z e r o  
a d j u s t i n g  t h e  s y s t e m  clock t o  t h e  p r o p e r  m u l t i p l e  
o f  t h e  mean s i g n a l  f r e q u e n c y .  
Reduct ion of  Counter  B i t  Number 
maximum p e r i o d i c  ra te  o f  d i s c r i m i n a t o r  o u t p u t  p u l s e s  
is 120 MHz (dead  time > 8 n s e c ) .  The l a r g e s t  random ra te  is 
u s u a l l y  less,  s a y  70 MHz. I n  o r d e r  f o r  t h e  c o u n t  o f  7 t o  be 
e x e c u t e d  t h e r e f o r e ,  w e  a s s u m e  t h e  c o u n t  i n t e r v a l  t o  be larger 
t h a n  0 .1  usec ( l / f o  > 0.4  o r  0 . 8  ysec depending  on  the  de lay  
choices) .  Thus  w e  may h a v e  t h e  c o u n t  e x c e e d e d  f o r  s i g n a l  f r e -  
quency f o  < 2 .5  MHz o r  1 . 2 5  MHz. We observe ,   however ,  t h a t  a 
. .  
. .  
. .  . .  
. .  
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Figure  Dl.  System  Diagram  for  one of two identical  connected  sections 
of a Dual  Channel  Photon  Processor. 
count of 7 i n  a q u a r t e r  of a c y c l e  is a peak rate of 14 elec- 
t rons/cycle .  T h i s  is where the b u r s t  c o u n t e r  c a n  become 
use fu l .   Thus  a 3 b i t  c o u n t e r  is adequate   because  when l a r g e r  
s i g n a l s  are p r e s e n t  a b u r s t  c o u n t e r  p r o c e s s o r  s h o u l d  be used .  
If t h e  l a r g e r  s i g n a l s  are unwanted because they occur  from . 
l a r g e r  p a r t i c l e s ,  t h e n  s a t u r a t i n g  t h e  c o u n t  a t  7 w i l l  r educe  
the i r  effect i n  f a v o r  o f  smaller s i g n a l s .  
Read l o g i c  fo r  photon statist ics.-  T h e . 1 6  b i t  word l e n g t h  
a n d  t h e  h i g h  s p e e d  o f  t h e  H . P .  2100 computer w i l l  allow s t r a i g h t  
forward READ c i r c u i t r y .  Each  channel w i l l  have a 16 b i t  T L 
l a t c h   c o n n e c t e d  t o  t h e  15 'bit p l u s   s i g n   a c c u m u l a t o r .   I n   o r d e r  
t h a t  t h e  c o u n t e r / t i m e r  and t h e  m u l t i p l e  i n t e r v a l  statistics 
may be read, selectable s t e e r i n g  g a t e s  w i l l  be  used  so t h a t  the 
f i r s t  6 b i t s  can  be connected t o  t h e  o u t p u t  o f  t h e  m u l t i p l i e r .  
Sequent ia l  numbers  may t h e n  be read as f o l l o w s :  
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1. S e t  maximum delay  i n  A+B and set o n e  s i d e  of m u l t i -  
2. Run data and   c lock .  
3. Stop  clock. 
4.  Read m u l t i p l i e r  o u t  w i t h  commanded s i n g l e  clock 
advance. 
. p l i e r  t o  1. 
T h i s  w i l l  produce a s t r i n g  o f  more  than  20  sequent ia l  numbers .  
I n  o r d e r  t o  read t h e  C/T t o t a l  ( 8  d i g i t s )  32 b i t s  is r e q u i r e d  
(BCD code ) .  T h i s  w i l l  be accomplished by  s e q u e n t i a l l y  r e a d i n g  
two 16 b i t  words t ime-mult iplexed t o  t h e  TTL o u t p u t  p o r t .  
D e s c r i p t i o n  of C i r c u i t s  
T h i s  s e c t i o n  describes t h e  s u b s y s t , e m  c i r c u i t s  a n d  compo- 
n e n t s  wh ich  compr i se  the  dua l  channe l  pho ton  p rocess ing  s y s t e m  
o n e  channe l  of which is shown i n  F i g u r e  D l .  
Ex te rna l  subsys t ems . -  The e x t e r n a l  s u b s y s t e m s  are t h e  
fo l lowing :  
1. Two p h o t o m u l t i p l i e r   t u b e s  and a s s o c i a t e d   h o u s i n g s  
and power s u p p l i e s .  
. .  
. .  
. .  
. .  
. .  
. .  . .  
. .  
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2. S i x  p r e c i s i o n  50 fi c o n n e c t i n g  cables. 
3. Two, preamps. 
4 .  Two amplifier/discriminators. 
5. One N I M  b i n   ( r a c k   m o u n t e d ) .  
6 .  Two v o l t a g e  c o n t r o l l a b l e  o s c i l l a t o r s  (1-200 MHz) 
7. Two r a c k - m o u n t e d   i n t e g r a t e d   c i r c u i t  power s u p p l i e s  
8. A computer w i t h  two m i c r o c i r c u i t  1/0 c a r d s  (16 b i t s  
\ 
and  connec t ing  cables. 
i n  a n d  16 b i t s  o u t  f o r  each w i t h  d e v i c e  command l i n e  
and  d e v i c e - r e a d y  f l a g  l i n e ) ,  and  two 36 pai r  t w i s t e d  
l e a d  cables w i t h  c o n n e c t o r s .  
. .  
Three b i t  c o u n t e r . -  T h i s  is a d u a l  s e c t i o n  c o u n t e r  which 
s t o p s  a n d  holds  t h e  coun t  of s e v e n  i n s t e a d  of t u r n i n g  o v e r  t o  
z e r o   a n d   c o n t i n u i n g .  Two c o u n t e r  sections a l t e r n a t e  so t h a t  one  
may h a v e  d a t a  t r a n s f e r r e d  a n d  be reset w h i l e  t h e  other one is 
c o u n t i n g .   I n   o r d e r   t o   a v o i d  t h e  p o s s i b i l i t y  of c o u n t i n g  a 
b o r d e r  l i n e  e v e n t  t w i c e ,  a dead time between c o u n t  i n t e r v a l s  
approx ima te ly  2 n s e c  w i l l  be incorpora ted .   The   dead  time 
be tween  inpu t  pu l se s  ( f rom t h e  d i s c r i m i n a t o r )  w i l l  be - < 1 0  n s e c  
w i t h  a d e s i g n  o b j e c t i v e  of 8 nsec. T h e  a l te rna te  c o u n t   i n t e r -  
v a l s  w i l l  be e q u a l   ( d e s i g n   o b j e c t i v e ) .  A c o n t r o l  b i t  a l l o w s  
t h e  c o u n t e r  o u t p u t  t o  t h e  d e l a y s  t o  b e  set  t o  z e r o  (data  g a t e ) .  
Delay  s e c t i o n s . -  The  t w o  d e l a y  s e c t i o n s  A and  B are speci- 
f i e d  as  A = ~0,1,2,3,4,5,6,8,9,10,11,12~ and B = { 0 , 2 , 4 , 8 ) .  
T h i s  set  allows s e q u e n t i a l  a u t o c o r r e l a t i o n s  w i t h  d e l a y s  u p  t o  
20 i n  a d d i t i o n  t o  t h e  d u a l  correlate a n d  s u b t r a c t  a n d  t h e  
n o r m a l i z i n g  modes. 
F o r  d u a l  c h a n n e l  o p e r a t i o n  w i t h  one c h a n n e l  n o r m a l i z i n g ,  
a m u l t i p l e x e r  is p rov ided  wh ich  a l lows  the  da t a  f rom t h e  o t h e r  
c h a n n e l  c o u n t e r  t o  be selected as d e l a y  i n p u t .  S ince  t h e  sep- 
arate  channe l s  are ident ica l  p h y s i c a l l y ,  each has an  i n p u t  and 
a n  o u t p u t  t o  t h e  o t h e r  c h a n n e l .  
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F o u r   c o n t r o l  b i t s  select t h e  A d e l a y .  Two c o n t r o l  b i t s  
select t h e  B d e l a y .  An a d d i t i o n a l  b i t  selects t h e  ou tpu t   o f  
t h e  o t h e r  data c h a n n e l  i n s t e a d  o f  t h e  c o u n t e r  o u t p u t  of t h i s  
c h a n n e l .  
A d d e r / s u b t r a c t o r  & mode s e l e c t o r . -  I n  t h e  AEDC u n i t  a n  
o p t i o n  f o r  s u b t r a c t i n g  a cons t an t   f rom each n w a s  i n c l u d e d .  
The purpose was t o  a v o i d  o v e r f l o w i n g  t h e  a c c u m u l a t o r  i n  a u t o -  
correlate mode when a s i g n a l  w i t h  l a r g e  mean is encoun te red .  
The a b i l i t y  of t h e  c o m p u t e r  for high-speed read t o  DMA 
a v o i d s  t h e  n e c e s s i t y  of s u b t r a c t i n g  a c o n s t a n t ,  s i n c e  t h e  a c c u -  
mula to r  may be r e a d  o f t e n  t o  a v o i d  o v e r f l o w .  The two c o n t r o l  
b i t s  a l l o w   s e l e c t i o n  of a d d ,   s u b t r a c t ,  or add z e r o .  The adder 
s u b t r a c t o r ' o u t p u t  is four  magn i tude  b i t s  p l u s  s i g n .  
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M u l t i p l i e r . -  The m u l t i p l i e r  h a s  seven  b i t s  p l u s  s i g n  o u t .  
A c o n t r o l  b i t  a l l o w s  t h e  undelayed  p a t h  i n p u t  t o  be set  t o  0 0 1  
in s t ead  of nk. 
Accumulator . -  The accumulator  has 15 b i t s  p l u s  a s i g n  
b i t .  I t  can  be reset by a s i n g l e   p u l s e .  I t  w i l l  be implemented 
i n  2 ' s  complement; t h e  compute r  so f tware  w i l l  c o n v e r t  t o  s i g n  
and  magni tude.  The reset p u l s e   m u s t   a l s o  t ransfer  t h e  accumu- 
l a t o r  v a l u e s  t o  l a t c h e s  i n  t h e  o u t p u t  p o r t  t o  t h e  computer .  
C o u n t e r / t i m e r . -  T h i s  s e c t i o n  replaces t h e  e x t e r n a l  c o u n t e r /  
timer used  i n  t h e  AEDC System. I t  c o n s i s t s  of two 8-decade BCD 
c o u n t e r s  and  a s s o c i a t e d   i n p u t   s e l e c t o r s   a n d   c o n t r o l s .  Each 
c o u n t e r  may select as  i n p u t  ei ther t h e  p r e c i s i o n  1 MHz o s c i l -  
l a t o r ,  t h e  s y s t e m  clock, or t h e  s e c o n d  d i s c r i m i n a t o r  o u t p u t  
( e x t e r n a l   i n p u t ) .  A fas t  p r e s c a l e r  selects d i v i d e  by 1 ,  2 ,  or 
5 f o r  c o u n t e r  #l. Counter  #2 is m u l t i p l e x e d ,  t o  t h e  16 b i t  o u t -  
p u t  p o r t  (1st 4 s i g n i f i c a n t  decades and  2nd 4 s i g n i f i c a n t  
d e c a d e s   s e p a r a t e l y  selectable.)  The f i r s t   c o u n t e r   p r o d u c e s  
o u t p u t   p u l s e s  a t  decade c o u n t e r  #1 s e l e c t o r .  The package  count  
d o e s  n o t  i n c l u d e  m u l t i p l e x i n g  a n d  read o u t p u t s  for c o u n t e r  #2. 
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A gate g e n e r a t o r  block . .  does t h e . f o l l o w i n g :  I t  produces  
t h e  pu l se  wh ich  is a p p l i e d  t o  t h e  accumulator  and t h e  computer 
f l ag ;  i t . p r o g r a m a b l y  reads and resets t h e  C/T ;  and it produces 
a gate pu l se  be tween  t w o  s u c c e s s i v e  c o u n t e r  #1 o u t p u t  p u l s e s  
for  a p p l i c a t i o n  t o  t h e  c o u n t e r . # 2  c o n t r o l ,  gates ( c o u n t e r  #2 
stops and holds when gate goes back down). The programable 
states i n c l u d e :  a )  read and reset c o u n t e r  #2 a t  t h e  e n t r y  of 
t h e  con t ro l  word  (CW) a n d ' a t  each ou tpu t  pu l se  f rom coun te r  #1  
(PFC); b )  read a n d   r e s e t . c o u n t e r  #2 CW b u t   n o t  PFC; c )  read 
and reset '  coun te r  #2  a t  PFC .but   not  a t  CW; d )  do not  read  and  
reset c o u n t e r ' # 2  a t  e i ther  PFC or CW. ( T h i s  allows, by s o f t w a r e ,  
f o r  c o u n t i n g  t h e  photon ra te  o v e r  t h e  d u r a t i o n  o f  an a u t o c o r r e -  
l a t i o n  s e q u e n c e  a n d  t h e n  s t o p p i n g  a t  t h e  end o f  a number  of 
smaller i n t e r v a l s .  ) 
The cont ro l  b i t s  needed f o r  t h e  C/T  are as  f o l l o w s :  
Three b i t s  are u s e d  t o  select which of 3 i n p u t s  g o e s  t o  each 
of t h e  two decade counters .   (Assumes   bo th  w i l l  not   have same 
i n p u t . )  Three b i t s  w i l l  select t h e  decade ou tpu t   o f  t h e  decade 
scaler ( c o u n t e r  #l). Two more b i t s  select the prescale d i v i s o r  
(1, 2 ,  5).  Three b i t s  h a v e  been allowed f o r  t h e  f o u r  read/ 
reset states ( 2  b i t s )  and a n  e x t r a  c o n t r o l  b i t  (spare).  F i n a l l y ,  
there is one b i t  which a l l o w s  app l i ca t ion  of t h e  c o n t r o l  gates 
from t h e  other C/T  t o  t h e  accumulator  readlreset l i n e  i n s t ead  
of t h i s  c h a n n e l ' s  C/T.  ( T h i s  i s  fo r  cross c o r r e l a t i o n  w i t h  
synchronous accumulator  read/reset .)  
System clock.- The sys t em  c lock  accepts a p e r i o d i c  . .  wave 
form w i t h  1 p o s i t i v e - g o i n g  t r a n s i t i o n  per c y c l e )  and shapes t h i s  
i n t o  a periodic p u l s e  t r a i n  a t  t h e  ECL v o l t a g e  l e v e l s .  I t  
i n c l u d e s   b u f f e r  gates f o r  proper f a n   o u t  (5 packages). I t  
i n c l u d e s  controls  which allow t h e  clock t o  be stopped c l e a n l y  
and a one-shot clock p u l s e  generator which  can  be a c t i v a t e d  
by c o m p u t e r   i n s t r u c t i o n .  T h i s  f e a t u r e  allows s e q u e n t i a l  nk' 
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v a l u e s  t o  be read o u t  o f  t h e  s y s t e m  f o r  m u l t i p l e  i n t e r v a l  
statistics..  T h e  c o n t r o l  b i t s  are o n e  f o r  o n / o f f  a n d  o n e  fo r  
s i n g l e  p u l s e .  T h e r e  is a l s o  a n  u n g a t e d  clock l i n e  which is 
used  a s  a n  i n p u t  t o  t h e  C/T. There  is a c o n t r o l  b i t  which 
allows t h e  o t h e r  sys tem clock t o  be selected (when t h e  other 
channe l  data is u s e d ,  for example).  
Output  por t . -  Each channe l  has one 16 b i t  TTL compatible 
o u t p u t  p o r t  a n d  a 1 b i t  f l a g  p u l s e  l i n e .  The o u t p u t  p o r t  
i n c l u d e s  a m u l t i p l e x e r  ( t w o  16 b i t  s e c t i o n s  of t h e  C/T ,  t h e  16 
b i t  accumula tor  ou tput  and  a 7 b i t  o u t p u t  from t h e  m u l t i p l i e r ) ,  
a 16 b i t  l a t c h ,  a n d  ECL t o  TTL v o l t a g e  l e v e l  t r a n s l a t o r s .  
T h e  o u t p u t  m u l t i p l e x e r  r e q u i r e s  2 b i t s  o f  c o n t r o l  t o  select 
one of 4 o u t p u t s .  
A t  t h e  p r e s e n t  time it is n o t  clear which of t h e  f o l l o w i n g  
approaches cou ld  be u t i l i z e d :  a )  a l l  ECL c o n s t r u c t i o n  w i t h  
o n l y  17 b i t s  of ECL/TTL t r a n s l a t o r  as t h e  o u t p u t ;  b )  a separate 
p a n e l  s e c t i o n  of TTL c i r c u i t r y  which inc ludes  mos t  o f  t h e  C/T 
and t h e  o u t p u t  latches for  t h e  o u t p u t  p o r t .  The b)  approach 
would r e q u i r e  less expens ive  I C ' s  and less power f o r  part of  
t h e  sys t em.  However, t h e  c o s t   o f  a separate panel   and  t h e  
p a n e l  i n t e r c o n n e c t i o n s  may make a )  preferable. 
O s c i l l a t o r  c o n t r o l . -  T h i s  subsys t em p rov ides  au tomat i c  
f i n e  t u n i n g  of t h e  v a r i a b l e  s y s t e m  c l o c k  f o r  t h e  d e t e r m i n a t i o n  
of t h e  mean v e l o c i t y .  The mean v a l u e  o f  t h e  m u l t i p l i e r  o u t p u t  
is n e g a t i v e  w h i l e  t h e  c lock   f r equency  is t o o  h igh .  Thus t h e  
i n t e n t  here is t o  u s e  f a s t  d i g i t a l / a n a l o g  c o n v e r s i o n  and 
a n a l o g  i n t e g r a t i o n  w i t h  c o n t r o l l a b l e  reset, i n t e g r a t i o n ,  and  
hold states t o  p r o v i d e  a c o n t r o l  v o l t a g e  t o  the  e x t e r n a l  v o l t -  
age c o n t r o l l a b l e  o s c i l l a t o r .  Two' c o n t r o l  b i t s  are r e q u i r e d .  
T h i s  f e a t u r e  is a research item. I t  may la ter  prove  more 
a d v i s a b l e  t o  u s e  the D / A  c o n v e r t e r  w i t h  a p o r t i o n  o f  t h e  
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compute r  con t ro l  word b i t s  so t h a t  t h e  mean v e l o c i t y  s e l e c t i o n  
becomes a software task .  
I n p u t  p o r t . -  A l l  m a c h i n e  c o n t r o l  is accomplished by 30 
b i t s  o f  i n fo rma t ion  and  t h e  time a t  w h i c h  c e r t a i n  o f  t h e  b i t s  
are changed. These b i t s  are l a t c h e d  i n t o  t h e  p r o c e s s o r   i n p u t  
p o r t  15 a t  a time by a s i n g l e  l i n e  command p u l s e  from t h e  com- 
p u t e r .  A l l  time-critical b i t s  of c o n t r o l  are i n c l u d e d   i n  con- 
t r o l  word 0. (One of t h e  s i x t e e n  b i t s  from t h e  computer is 
t h e  address of t h e  con t ro l   word  0 or 1.) Table D l  p r o v i d e s  a 
t e n t a t i v e   a s s i g n m e n t   o f   c o n t r o l  b i t s .  The b i t  number refers 
t o  t h e  power of 2 i n  s t anda rd  b i n a r y  f o r m a t .  
Package  count . -  An i n t e g r a t e d  c i r c u i t  p a c k a g e  c o u n t  esti- 
mate of 147 I C ' s  made f o r  o n e  of t h e  t w o  i d e n t i c a l  c h a n n e l s .  
The estimate assumes t h e  use  of  a p a n e l  w i t h  162 sockets and 
d e s i g n  f o r  each s u b c i r c u i t  w i t h  t h e  same a p p r o a c h  p r e v i o u s l y  
d e v e l o p e d   f o r  t h e  AEDC u n i t .  T h i s  l e a v e s  15 spare sockets f o r  
f l e x i b i l i t y  i n  d e s i g n  a n d / o r   a d d i t i o n s .  A s l i g h t l y  improved 
approach has a l s o  b e e n  i d e n t i f i e d  which u s e s  2 b i t  arithmetic 
l o g i c  u n i t s  (ALU) i n s t e a d  o f  4 b i t  A L U ' s  to r e d u c e  c i r c u i t  
s p e e d  l i m i t a t i o n s .  T h i s  approach   wou ld   ac tua l ly   p roduce  more 
u s e a b l e  s o c k e t s  b e c a u s e  t h e  pane l  would  have 180 s t a n d a r d  
s o c k e t s  i n s t e a d  o f  1 5 0  p l u s  1 2  4 b i t  ALU s o c k e t s .  
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Address  Zero 
Bit  Function  Bit  Function 
0 Clock  Gate 
1 Clock One Shot 
2 3-Bit Counter Gate 
3 1  \ A Delay 5 
C/T  Input  Select i o n  
2 1 C/T  Decade  Select  for  Counter  #1 
5 
6 
1 B Delay 8 
9 Multiplier 
1 C/T Prescale  Select 
1 Adder/Subtractor 
7 
9 
10 Accumulator Control from Cross Channel 
12 Crock from Cross Channel - . 
l3 1 Oscillator  Control  State 14 
11 lo 1 Output Port Multiplex 11 n from Cross Channel 
Accumulator  Reset  Control 
14 
TABLE  Dl.  CONTROL  WORD  FORMAT 
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